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The Variational Quantum Eigensolver approach to the electronic structure problem on a quantum
computer involves measurement of the Hamiltonian expectation value. Formally, quantum mechanics
allows one to measure all mutually commuting or compatible operators simultaneously. Unfortunately,
the current hardware permits measuring only a much more limited subset of operators that share a
common tensor product eigen-basis. We introduce unitary transformations that transform any fully
commuting group of operators to a group that can be measured on current hardware. These unitary
operations can be encoded as a sequence of Clifford gates and let us not only measure much larger
groups of terms but also to obtain these groups efficiently on a classical computer. The problem of
finding the minimum number of fully commuting groups of terms covering the whole Hamiltonian is
found to be equivalent to the minimum clique cover problem for a graph representing Hamiltonian
terms as vertices and commutativity between them as edges. Tested on few molecular electronic
Hamiltonians with up to fifty thousand terms, the introduced technique allows for the reduction of
the number of separately measurable operator groups down to few hundreds, thus achieving up to
two orders of magnitude reduction. It was also shown that this gain scales at least linearly with the
number of qubits.
I. INTRODUCTION
Using quantum superposition and entanglement, quan-
tum computers promise a new powerful route to solve
problems that are exponentially hard for their classical
counterparts. Even though quantum hardware advance-
ments generated a surge of interest in developing new
algorithms to solve these hard problems, we are still
in the era of noisy intermediate scale quantum (NISQ)
computing.1 One of the hallmarks of NISQ algorithms is
hybrid quantum-classical optimization of parametrized
quantum circuits. The Variational Quantum Eigensolver
(VQE) approach is one of the most popular realizations
of this idea for solving optimization problems by map-
ping their solution to lowest eigen-states of a particular
Hamiltonian with a bounded spectrum.2–4 In this case,
the optimization is simplified by the existence of the
variational theorem that guarantees that any trial wave-
function will approach the solution from above. In VQE,
the quantum computer prepares a trial wavefunction |Ψq〉
and estimates an expectation value for the target Hamilto-
nian H¯ = 〈Ψq| Hˆq |Ψq〉. The classical computer suggests a
next trial wavefunction using results of expectation values
based on previous wavefunctions.
One of the exponentially hard and thus attractive prob-
lems that is highly valuable for chemistry is the electronic
structure problem.3–8 Its solution provides a route to
predicting chemical properties and designing many new
valuable compounds such as materials and drugs. It is
formulated using the Born-Oppenheimer separation of
nuclear variables as parameters for the electronic part of
the time-independent molecular Schrodinger equation
Hˆe(R) |Ψ(R)〉 = Ee(R) |Ψ(R)〉 , (1)
where Hˆe(R) is the electronic Hamiltonian, R is the nu-
clear configuration of interest, and Ee(R) is the electronic
energy. To treat this problem within the VQE framework
it can be mapped to a qubit eigenvalue problem
Hˆq(R) |Ψq(R)〉 = Ee(R) |Ψq(R)〉 , (2)
where Hˆq(R) is the qubit Hamiltonian obtained from a
second quantized form of Hˆe(R)
9 using one of the fermion-
qubit mappings,10–14 and |Ψq(R)〉 is the corresponding
qubit wave-function. For a molecule, the qubit Hamilto-
nian is a linear combination
Hˆq(R) =
∑
I
CI(R) PˆI (3)
of Pauli tensor products PˆI (Pauli “words”) defined as
PˆI =
N∏
i=1
σˆ
(I)
i , (4)
where σˆ
(I)
i is one of the xˆ, yˆ, zˆ Pauli operators or the
identity operator eˆ for the ith qubit. The number of qubits,
N , is equal to the number of molecular spin-orbitals used
in the second quantized form the electronic Hamiltonian.
Below, for simplicity, we will skip the nuclear configuration
R but always assume its existence as a parameter.
Besides problems associated with devising low-depth cir-
cuits for accurate preparation of |Ψq〉, the electronic struc-
ture problem poses another difficulty for VQE, namely esti-
mation of the expectation value for the qubit Hamiltonian
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2Hˆq. Note that in contrast to quantum simulators,
15,16 in
universal gate quantum computing, Hˆq originated from
Hˆe is not physically implemented and does not corre-
spond to the Hamiltonian of physical qubits. This makes
its measurement a difficult task similar to the quantum
tomography,17,18 with the only simplification that one
needs to measure an O(N4) subset of the total 4N set of
Pauli words.
Previously, the measurement problem has been ad-
dressed through grouping of Pauli words whose expecta-
tion value can be measured simultaneously.7,19 Owing to
additivity of the total Hamiltonian expectation value such
grouping allows the reduction of the number of separately
measured operators. Considering that current hardware
can only measure single-qubit operators and during the
measurement the total wavefunction collapses to a ten-
sor product state of one-qubit eigenstates of measured
operators, only Pauli words that have a common tensor
product eigen-basis (TPE) can be grouped together for
simultaneous measurement.19 It was found to be possible
to reformulate optimal grouping of terms based on their
shared TPE as a graph minimum clique cover (MCC)
problem. This reformulation gave a systematic approach
to reduction of the total number of terms approximately
three times from the total number of Hamiltonian terms.19
TPE based grouping somewhat reduces the prefactor
of the O(N4) dependence for the number of measured
groups but does not change the scaling. Recently another
approach has been put forward: mean-field partitioning.20
Even though it gave some advantage compare to the TPE
based partitioning, it requires to introduce feed-forward
measurement21–24 that has not yet become available in
mainstream quantum hardware. Also, the assessment of
mean-field partitioning is hindered by the absence of an
optimal partitioning algorithm.
Here we propose a different approach, starting with
groups of fully commuting terms we convert them into
TPE sharing groups by introducing unitary transforma-
tions. The necessary unitary transformations are obtained
analytically using an extension of symplectic geometry
techniques developed by Bravyi et al.25 for tapering off
qubits. In general, sizes of fully commuting groups in
qubit Hamiltonians are much larger than those of TPE
sharing groups, and the proposed technique allows for
the scaling reduction of the number of simultaneously
measurable groups, which significantly increases a range
of molecular systems amenable to VQE studies on NISQ
hardware.
II. THEORY
A. Tensor product eigen-basis sharing groups
More insightful and practical criterion for grouping
terms sharing TPE can be formulated using qubit-wise
commutativity: two Pauli words are qubit-wise commu-
tative if each of single-qubit Pauli operator in one word
commutes with its counterpart in the other word. Qubit-
wise commutativity is more strict condition than regular
commutativity and thus can be considered as sufficient
but not necessary for the latter. For example, xˆ1xˆ2 and
xˆ1eˆ2 are both commutative and qubit-wise commutative,
but xˆ1xˆ2 and yˆ1yˆ2 are only commutative.
In the conventional VQE scheme, the Hˆq is separated
into sums of qubit-wise commuting (QWC) terms,
Hˆq =
MQWC∑
n=1
Aˆn, (5)
Aˆn =
∑
I
C
(n)
I Pˆ
(n)
I , (6)
where all Pˆ
(n)
I within one Aˆn group are qubit-wise com-
muting. Partitioning of the Hˆq in Eq. (5) allows one to
measure all Pauli words within each Aˆn term in a single
set of N one-qubit measurements. For every qubit, it is
known from the form of Aˆn, what Pauli operator needs
to be measured. The advantage of this scheme is that
it requires only single-qubit measurements, which are
technically easier than multi-qubit measurements. Also,
qubit-wise commutativity between terms provides a bi-
nary symmetric relation that is convenient for reformu-
lation of optimal grouping as the MCC problem for a
graph obtained by connecting Hˆq Pauli words (vertices)
that satisfy the qubit-wise commutativity relation. MCC
is a partitioning of the Hamiltonian graph to the mini-
mum number of fully connected (complete) subgraphs or
cliques. The cliques represent terms that can be measured
simultaneously.
The disadvantage of this scheme is that the Hamiltonian
may require to measure too many Aˆn terms separately
(see Ref. 19 for examples, typically optimal partitioning
of Hˆq to QWC parts gives only reduction by factor of 3
with respect to the total number of Pauli words in Hˆq).
On the other hand, quantum mechanics allows us to
determine eigenvalues of all mutually commuting oper-
ators at the same time. Therefore, potentially one can
partition the Hamiltonian into groups of fully commuting
terms
Hˆq =
MC∑
n=1
Hˆn, (7)
Hˆn =
∑
I
C
(n)
I Pˆ
(n)
I , [Pˆ
(n)
I , Pˆ
(n)
J ] = 0, (8)
and measure their expectation values. Clearly, because
all QWC terms are also fully commuting the number
of Hˆn groups, MC, will not be larger than that for Aˆn
groups, MQWC. Moreover, Appendix A shows that the
ratio between the numbers of Pauli words that commute
and qubit-wise commute with an average Pauli word
grows exponentially with the number of qubits. Two
questions arise: 1) Is it possible to use the partitioning to
fully commuting group of terms in VQE without hardware
modification?, and 2) How to find the optimal partitioning
of the Hamiltonian to fully commuting group of terms?
3B. Unitary Transformations
To use more efficient partitioning to groups of fully com-
muting terms and keep the same single-qubit measurement
protocol we introduce additional unitary transformations
{Uˆn} that transform each fully commuting group Hˆn into
a QWC group, Aˆn = UˆnHˆnUˆ
†
n. Note that Aˆn are not nec-
essarily the same QWC operators that appear in the QWC
partitioning of Hˆq. Let us consider partitioning of the Hˆq
into fully commuting terms for the energy expectation
value on a trial wavefunction |Ψ〉 = Uˆ |0¯〉
E¯ = 〈Ψ| Hˆq |Ψ〉 =
∑
n
〈Ψ| Hˆn |Ψ〉 . (9)
By introducing resolutions of the identity Uˆ†nUˆn we can
rewrite E¯ as
E¯ =
∑
n
〈Ψ| Uˆ†nUˆnHˆnUˆ†nUˆn |Ψ〉 (10)
=
∑
n
〈Ψ| Uˆ†nAˆnUˆn |Ψ〉 (11)
=
∑
n
〈Φn| Aˆn |Φn〉 =
∑
n
An, (12)
where we introduced new wavefunctions |Φn〉 = Uˆn |Ψ〉
for which the QWC measurement of the Aˆn group can be
done in a regular manner. Since qubit-wise commutativity
always implies full commutativity, introducing Uˆn does
not change the commutativity property of the Hˆn set.
Therefore, if we define Uˆn and obtain Aˆn groups, we
can do QWC measurements of |Φn〉 wavefunctions that
produce the expectation value of energy (see Fig. 1).
Classical Computer
2
Here [Pˆ
(n)
I , Pˆ
(n)
J ]qw denotes a qubit-wise commutator of
two Pauli words, it is zero only if all one-qubit opera-
tors in Pˆ
(n)
I commute with their counterparts in Pˆ
(n)
J .
Clearly, if [Pˆ
(n)
I , Pˆ
(n)
J ]qw = 0 then the normal commuta-
tor is [Pˆ
(n)
I , Pˆ
(n)
J ] = 0. The opposite is not true, a simple
example is [xˆ1xˆ2, yˆ1yˆ2] = 0 but [xˆ1xˆ2, yˆ1yˆ2]qw 6= 0.
Partitioning of the Hq in Eq. (4) allows one to measure
all Pauli words within each Aˆn term in a single set of N
one-qubit measurements. For every qubit, it is known
from the form of Aˆ , what Pauli operator needs to be
measured. The advantage of this scheme is that it requires
only single-qubit measurements, which are technically
easier than multi-qubit measurements. The disadvantage
of this scheme is that the Hamiltonian may require to
measure too many Aˆn terms separately.
On the other hand, qua tum mechanics allows us to
know certainly expectation values of all mutually commut-
ing operators. Therefore, potentially one can partition
the Hamiltonian into groups of fully commuting terms
Hˆq =
MX
n=1
Hˆn, [Hˆn, Hˆk] 6= 0, if n 6= k (6)
Hˆn =
X
I
C
(n)
I Pˆ
(n)
I , [Pˆ
(n)
I , Pˆ
(n)
J ] = 0, 8I&J. (7)
Clearly, because all QWC terms are also fully commuting
but reverse is not true, the number of Hˆn groups, M ,
will be smaller than that of Aˆn, K. Moreover, Appendix
A shows that the ratio between the numbers of Pauli
words that commute and qubit-wise commute with an
average Pauli word grows exponentially with the number
of qubits. Two questions arise: 1) Is it possible to use
the partitioning to fully commuting group of terms in
VQE without hardware modification?, and 2) How to
find the optimal partitioning of the Hamiltonian to fully
commuting group of terms?
C. Unitary Transformations
To use more e cient partitioning to groups of fully com-
muting terms and keep the same single-qubit measurement
protocol we introduce extra unitary transformations {Uˆn}
that transform each fully commuting group Hˆn into a
QWC group, Aˆn = UˆnHˆnUˆ
†
n. Note that Aˆn are not neces-
sarily the same QWC operators that appear in the QWC
partitioning of Hˆq. Let us consider partitioning of the Hq
into fully commuting terms for the energy expectation
value on a trial wavefunction | i
E¯ = h | Hˆq | i =
X
n
h | Hˆn | i . (8)
By introducing resolutions of the identity Uˆ †nUˆn we can
rewrite E¯ as
E¯ =
X
n
h | Uˆ†nUˆnHˆnUˆ†nUˆn | i (9)
=
X
n
h | Uˆ†nAˆnUˆn | i (10)
=
X
n
h n| Aˆn | ni , (11)
where we introduced new wavefunctions | ni = Uˆn | i
for which the QWC measurement of the Aˆn group can be
done in a regular manner. Since qubit-wise commutativity
always implies full commutativity, introducing Uˆn does
not change the commutativity property of the Hˆn set.
Therefore, if we define Uˆn and obtain Aˆn groups, we
can do QWC measurements of | ni wavefunctions that
produce the expectation value of energy.
To accomplish this we use somewhat extended idea of
qubit tapering proposed by Braviy et al.15 for Hˆn frag-
ments. Braviy et al. suggested a construction of unitary
transformations applied to the whole qubit Hamiltonian
that make some of the qubit operators to transform to
a single Pauli operator, xˆi, which allows one to substi-
tute them by numbers and thus to remove them from
consideration. For our purpose, we need to substitute all
single-qubit operators within Hˆn to a fixed single Pauli op-
erator, this makes the transformed version of Hˆn to have
only QWC terms. Appendix B details the construction
procedure for Uˆn.
D. Optimal partitioning of the Hamiltonian
Here we will address the question on optimal partition-
ing of the Hamiltonian to fully commuting terms. This
question is nontrivial because the commutativity relation
is not the equivalence relation in the algebraic sense and
thus does not provide unique non-overlapping partitioning
to the equivalence classes. To see this, let us recall that
for the equivalence relation ⇠ between elements of any set
{a, b, c, ...} we need to have three conditions: 1) a ⇠ a, 2)
if a ⇠ b then b ⇠ a, and 3) if a ⇠ b and b ⇠ c then a ⇠ c.
If these conditions are satisfied the set can be split into
non-overlapping unique subsets whose elements are all
equivalent to each other. Unfortunately, only conditions
1) and 2) are satisfied for the commutativuty relation,
which is not enough for the equivalence relation. Indeed,
it is easy to see on the example [x1, y2] = 0 and [y2, z1] = 0
but that does not lead to [x1, z1] = 0.
Yet, the two conditions that are satisfied for the com-
mutativity relation are enough to represent it as graph
edges between the Pauli words of the Hamiltonian. As a
simple illustration one can consider the following model
Hamiltonian
H = z1z2 + z1z2z3 + z1z2z4
+x3x4 + y1x3x4 + y2x3x4, (12)
2
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measure too many Aˆn terms separately.
On the other hand, quantum mechanics allows us to
know certainly expectation values of all mutually commut-
ing operators. Therefore, potentially one can partition
the Hamiltonian into groups of fully commuting terms
Hˆq =
MX
n=1
Hˆn, [Hˆn, Hˆk] 6= 0, if n 6= k (6)
Hˆn =
X
I
C
(n)
I Pˆ
(n)
I , [Pˆ
(n)
I , Pˆ
(n)
J ] = 0, 8I&J. (7)
Clearly, because all QWC terms are also fully commuting
but reverse is not true, the number of Hˆn groups, M ,
will be smaller than that of Aˆn, K. Moreov r, Appendix
A shows that the ratio between the numbers of Pa li
words that commute and qubit-wise commute with an
average Pauli word grows exponentially with the number
of qubits. Two questions arise: 1) Is it possible to use
the partitioning to fully commuting group of t rms in
VQE without hardware modification?, and 2) How to
find the optimal partitioning of the Hamiltonian to fully
commuting group of terms?
C. Unitary Transformatio s
To use more e cient partitioning to groups of fully com-
muting terms and keep the same single-qubit measurement
protocol we introduce extra unitary transformations {Uˆn}
that transform each fully commuting group Hˆn into a
QWC group, Aˆn = UˆnHˆnUˆ
†
n. Note that Aˆn are not neces-
sarily the same QWC operators that appear in the QWC
partitioning of Hˆq. Let us consider partitioning of the Hq
into fully commuting terms for the energy expectation
value on a trial wavefunction | i = Uˆ |0¯i
E¯ = h | Hˆq | i =
X
n
h | Hˆn | i . (8)
By introducing resolutions of the identity Uˆ †nUˆn we can
rewrite E¯ as
E¯ =
X
n
h | Uˆ†nUˆnHˆnUˆ†nUˆn | i (9)
=
X
n
h | Uˆ†nAˆnUˆn | i (10)
=
X
n
h n| Aˆn | ni , (11)
where we introduced new wavefunctions | ni = Uˆn | i
for which the QWC measurement of the Aˆn group can be
done in a regular manner. Since qubit-wise co mutativ ty
always implies full commutativity, introducing Uˆn doe
not change the commutativity prop r y of the Hˆn set.
Therefore, if we define Uˆn and obt in Aˆn gr ups, w
can do QWC measurements of | ni wavefunctions that
produce the expectation value of energy (Fig. ??).
To accomplish this we use somewhat extended idea of
qubit tapering proposed by Braviy et al.15 for Hˆn frag-
ments. Br viy et al. suggested a construction of unitary
transformations applied to the whole qubit Hamiltonian
that ake some of the qubit operators to transform to
a single Pauli operator, xˆi, which allows one to substi-
tute them by numbers and thus to remove them from
consideration. For our purpose, we need to substitute all
single-qubit operators within Hˆn to a fixe single Pauli op-
erator, this makes the transformed version of Hˆn to have
only QWC ter s. Appendix B details the construction
procedure for Uˆn.
D. Optimal partitioning of the Hamiltonian
Here we will address the question on optimal partition-
ing of the Hamiltonian to fully commuting t rms. This
question is nontrivial because the commutativity relation
is not the eq ivalence relation in the algebraic sense and
thus does ot provide unique non-overlapping partitioning
to the equivalence clas es. To see this, let us recall that
for the equivalence relation ⇠ between elements of any set
{a, b, c, ...} we need to have three conditions: 1) a ⇠ a, 2)
if a ⇠ b hen b ⇠ a, and 3) if a ⇠ b and b ⇠ c then a ⇠ c.
If these conditions are satisfied the set can be split into
non-overlapping unique subsets whose elements are all
equivalent to each other. Unfortunately, nly condi i ns
1) and 2) are satisfied for the commutativuty relation,
which is not enough for the quivalence relation. Indeed,
it is easy to see on the example [x1, y2] = 0 and [y2, z1] = 0
but that does not lead to [x1, z1] = 0.
Yet, the two conditions that are s tisfied for the com-
mutativit relation are enough to represent it as graph
edges between the Pauli words of the Hamiltonian. As a
simple illustration one can consider the following model
Hamiltonian
H = z1z2 + z1z2z3 + z1z2z4
+x3x4 + y1x3x4 + y2x3x4, (12)
2
Here [Pˆ
(n)
I , Pˆ
(n)
J ]qw denotes a qubit-wise commutator of
two Pauli words, it is zero only if all one-qubit opera-
tors in Pˆ
(n)
I commute with their counterparts in Pˆ
(n)
J .
Clearly, if [Pˆ
(n)
I , Pˆ
(n)
J ]qw = 0 then the n rmal commuta-
tor is [Pˆ
(n)
I , Pˆ
(n)
J ] = 0. The opposite is not true, a simple
example is [x1xˆ2, yˆ1yˆ2] = 0 but [x1xˆ2, yˆ1yˆ2]qw 6= 0.
Partitioning of the Hq in Eq. (4) allows one to mea ure
all Pauli words within each Aˆn term in a single set of N
one-qubit asurements. For every qubit, it is known
from the form of Aˆn, what Pauli op rator needs to b
measure . The advantage of this cheme is that it requires
only single-qubit asurements, which are technically
easier than multi-qubit asurements. The disadvantage
of this scheme is that the Hamiltonian may require to
measure too many Aˆn terms separately.
On the other h d, quantum mechanics allows us to
know c rtainly expectation v ues of mutually commut-
ing operato s. Therefore, p tentially one can partition
the H miltonian into groups of fully c mmuting ter s
Hˆq =
MX
n=1
Hˆn, [Hˆn, Hˆk] 6= 0, if n 6= k (6)
Hˆn =
X
I
C
(n)
I Pˆ
(n)
I , [Pˆ
(n)
I , Pˆ
(n)
J ] = 0, 8I&J. (7)
Cle rly, because all QWC terms are als fully commuting
but reverse is no true, th number of Hˆn groups, M ,
will be smaller than that of Aˆn, K. M reover, Append
A shows th the ratio between th umbers of Pauli
words that commute and qubit-wise commute with an
average Pauli word gr ws exponen ially with the number
of qubits. Tw questions arise: 1) Is it possible to use
the parti ioning to fully commuting group of terms in
VQE without hardware m d fic tion?, and 2) How to
find the optimal partitioning of the H iltonian to fully
commuting group of terms?
C. Unitary Transformations
To use more e cient partitioning to groups f fully com-
muting terms and keep the same single-qubit asurement
protocol we introduce ext a unitary tr nsformations {Uˆn}
that transform each fully commuting group Hˆn into a
QWC group, Aˆn = UˆnHˆnUˆ
†
n. Not that Aˆn are not eces-
sarily the same QWC oper ors that appear in the QWC
partitioning of Hˆq. Let us consider partitioning of the Hq
into fully commuting terms for the energy expectation
v lue on a trial wavefunction | = Uˆ |0¯i
E¯ = h | Hˆq | i =
X
n
h | Hˆn | i . (8)
By introducing re olutions of he identity Uˆ †nUˆn we ca
rewrite E¯ as
E¯ =
X
n
h | Uˆ†nUˆnHˆnUˆ†nUˆn | i (9)
=
X
n
h | Uˆ†nAˆnUˆn | i (10)
=
X
n
h | Aˆn | ni , (11)
where we introduced new wavefunctions | ni = Uˆ | i
for which the QWC asurement of the Aˆn group can be
done in a regula ma ner. S nce qubit-wise commutativity
alway i plies full commutativity, introducing Uˆn does
ot c ange the commutativity property of the Hˆn s t.
Therefore, if we define Uˆn a d obtain Aˆn groups, we
can do QWC asurements of | ni wavefunctions that
produce the expectation value of energy (Fig. ??).
To accomplish this we use somewhat extended idea of
qubit tapering proposed b Br viy et al.15 for Hˆn frag-
ments. Braviy et al. suggested a construction of unitary
tr nsformations appli d to the whole qubi H miltonian
that ake some of the qubit operators t transform to
a single Pauli operator, xˆi, which allows one to substi-
tute them y numbers and thus to remove them from
considerati n. Fo our purpos , we need to substitute all
single-qubit operators within Hˆn to a fixed single Pauli op-
erator, this makes the transfo med version of ˆn to have
only QWC terms. Appendix B d tails the construction
procedure for Uˆn.
D. O timal partitioning of the Hamilto ian
Here we will address he question on optimal partition-
ing of the Hamiltonian t fully com uting terms. This
question is nontrivial because the commutativ ty relation
is not the equivalence relation in the algebraic sense and
thus does not provide u iqu non-overlapping partitioning
to the equivalenc clas s. To see this, let us recall that
for the equivalence relation ⇠ between element of any set
{a, b, c, ...} we need o have three conditions: 1) a ⇠ a, 2)
if a ⇠ b then b ⇠ a, and 3) if a ⇠ b and b ⇠ c then a ⇠ c.
If these conditions are satisfi d the s t can be split into
non-overlapping unique subset whose elem nts are all
equivalent to each other. Unfortunately, only conditions
1 nd 2) ar satisfied f r the commutativuty relation,
which is not enough for the equivalence relation. Ind ed,
i is asy to se on the e ample [x1, y2] = 0 and [y2, z1] = 0
but that does not lead to [x1, z1] = 0.
Yet, the two conditions that are s tisfied f r the com-
mutativ ty relation are enough to represent it as graph
edges between the Pauli words of the H miltonian. As a
simple llustration one can consider the following model
H miltonian
H = z1z2 + z1z2z3 + z1z2z4
+x3x4 + y1x3x4 + y2x3x4, (12)
2
Here [Pˆ
(n)
I , Pˆ
(n)
J ]qw denotes a qubit-wise commut tor of
two Pauli words, it is zero only if all one-qubit pera-
tors in Pˆ
(n)
I commute with their counterparts in Pˆ
(n)
J .
Clearly, if [Pˆ
(n)
I , Pˆ
(n)
J ]qw = 0 then the normal commuta-
tor is [Pˆ
(n)
I , Pˆ
(n)
J ] = 0. The opposite is not true, a simple
example is [xˆ1xˆ2, yˆ1yˆ2] = 0 but [xˆ1xˆ2, yˆ1yˆ2]qw 6= 0.
Partitioning of the Hq in Eq. (4) allows one to measure
all Pauli words within each Aˆn term in a single set of N
one-qubit measurements. For every qubit, it is known
from the form of Aˆn, what Pauli operator needs to be
measured. The advantage of this scheme is that it requires
only single-qubit measurements, which are technically
easier than multi-qubit measurements. The disadvantage
of this scheme is that the Hamiltonian may require to
measure too many Aˆn terms separately.
On the other hand, quantum mechanics allows us to
know certainly expectation values of all mutually commut-
ing operators. Therefore, potentially one can partition
the Hamiltonian into groups of fully commuting terms
Hˆq =
MX
n=1
Hˆn, [Hˆn, Hˆk] 6= 0, if n 6= k (6)
Hˆn =
X
I
C
(n)
I Pˆ
(n)
I , [Pˆ
(n)
I , Pˆ
(n)
J ] = 0, 8I&J. (7)
Clearly, because all QWC terms are also fully commuting
but reverse is not true, the number of Hˆn groups, M ,
will be smaller than that of Aˆn, K. Moreover, Appendix
A shows that the ratio between the numbers of Pauli
words that commute and qubit-wise commute with an
average Pauli word grows exponentially with the number
of qubits. Two questions arise: 1) Is it possible to use
the partitioning to fully commuting group of terms in
VQE without hardware modification?, and 2) How to
find the optimal partitioning of the Hamiltonian to fully
commuting group of terms?
C. Unitary Transformations
To use more e cient partitioning to groups of fully com-
muting terms and keep the same single-qubit measurement
protocol we introduce extra unitary transformations {Uˆn}
that transform each fully commuting group Hˆn into a
QWC group, Aˆn = UˆnHˆnUˆ
†
n. Note that Aˆn are not neces-
sarily the same QWC operators that appear in the QWC
partitioning of Hˆq. Let us consider partitioning of the Hq
into fully commuting terms for the energy expectation
value on a trial wavefunction | i = Uˆ |0¯i
E¯ = h | Hˆq | i =
X
n
h | Hˆn | i . (8)
By introducing resolutions of the identity Uˆ †nUˆn we can
rewrite E¯ as
E¯ =
X
n
h | Uˆ†nUˆnHˆnUˆ†nUˆn | i (9)X
n
h | Uˆ†nAˆnUˆn | i (10)
=
X
n
h n| Aˆn | ni , (11)
where we introduced new wavefunctions | ni = Uˆn | i
for which the QWC measurement of the Aˆn group can be
done in a regular manner. Since qubit-wise commutativity
always implies full commutativity, introducing Uˆn does
not change the commutativity property of the Hˆn set.
Therefore, if we define Uˆn and obtain Aˆn groups, we
can do QWC measurements of | ni wavefunctions that
produce the expectation value of energy (Fig. ??).
To accomplish this w use somewhat extended idea of
qubit tapering proposed by Braviy et al.15 for Hˆn frag-
ments. Braviy et al. suggested a construction of unit ry
transformations applied to the whole qubit Hamiltonian
that make some of the qubit operators to transform to
a single Pauli operator, xˆi, which allows one to substi-
tute them by numbers and thus to remove them from
consideration. For our purpose, we need to substitute all
single-qubit operators within Hˆn to a fixed single Pauli op-
erator, this makes the transformed version of Hˆn to have
only QWC terms. Appendix B details the construction
procedure for Uˆn.
D. Optimal partitioning of the Hamiltonian
Here we will address the question on optimal partition-
ing of the Hamiltonian to fully commuting terms. This
question is nontrivial because the commutativity relation
is not the equivalence relation in the algebraic sense and
thus does not provide unique non-overlapping partitioning
to the equivalence classes. To see this, let us recall that
for the equivalence relation ⇠ between elements of any set
{a, b, c, ...} we need to have three conditions: 1) a ⇠ a, 2)
if a ⇠ b then b ⇠ a, and 3) if a ⇠ b and b ⇠ c then a ⇠ c.
If these conditions are satisfied the set can be split into
non-overlapping unique subsets whose elements are all
equivalent to each other. Unfortunately, only conditions
1) and 2) are satisfied for the commutativuty relation,
which is not enough for the equivalence relation. Indeed,
it is easy to see on the example [x1, y2] = 0 and [y2, z1] = 0
but that does not lead to [x1, z1] = 0.
Yet, the two conditions that are satisfied for the com-
mutativity relation are enough to represent it as graph
edges between the Pauli words of the Hamiltonian. As a
simple illustration one can consider the following model
Hamiltonian
H = z1z2 + z1z2z3 + z1z2z4
+x3x4 + y1x3x4 + y2x3x4, (12)
2
Here [Pˆ
(n)
I , Pˆ
(n)
J ]qw denotes a qubit-wise commutator of
two Pauli words, it is zero only if all one-qubit opera-
tors in Pˆ
(n)
I commute with their counterparts in Pˆ
(n)
J .
Clearly, if [Pˆ
(n)
I , Pˆ
(n)
J ]qw = 0 then the normal commuta-
tor is [Pˆ
(n)
I , Pˆ
(n)
J ] = 0. The opposite is not true, a simple
example is [xˆ1xˆ2, yˆ1yˆ2] = 0 but [xˆ1xˆ2, yˆ1yˆ2]qw 6= 0.
Partitioning of the Hq in Eq. (4) all ws one to measure
all Pauli words within each Aˆn term in a single set of N
one-qubit measurements. For every qubit, it is known
from the form of Aˆn, what Pauli operator needs to be
measured. The advantage of this scheme is that it requires
only single-qubit measurements, which are technically
easier than multi-qubit measurements. The disadvantage
of this scheme is that the Hamiltonian may require to
measure too many Aˆn terms separately.
On the other hand, quantum mechanics allows us to
know certainly expectation values of all mutually commut-
ing operators. Therefore, potentially one can partition
the Hamiltonian into groups of fully commuting terms
Hˆq =
MX
n=1
Hˆn, [Hˆn, Hˆk] 6= 0, if n 6= k (6)
Hˆn =
X
I
C
(n)
I Pˆ
(n)
I , [Pˆ
(n)
I , Pˆ
(n)
J ] = 0, 8I&J. (7)
Clearly, because all QWC terms are also fully commuting
but reverse is not true, the number of Hˆn groups, M ,
will be smaller than that of Aˆn, K. Moreover, Appendix
A shows that the ratio between the numbers of Pauli
words that commute and qubit-wise commute with an
average Pauli word grows exponentially with the number
of qubits. Two questions arise: 1) Is it possible to use
the partitioning to fully commuting group of terms in
VQE without hardware modification?, and 2) How to
find the optimal partitioning of the Hamiltonian to fully
commuting group of terms?
C. Unitary Transformations
To use more e cient partitioning to groups of fully com-
muting terms and keep the s me single-qubit measurement
protocol we introduce extra unitary transformations {Uˆn}
that transform each fully commuting group Hˆn into
QWC group, Aˆn = UˆnHˆnUˆ
†
n. Note that Aˆn are not neces-
sarily the same QWC operators that appear in the QWC
partitioning of Hˆq. Let us consider partitioning of the Hq
into fully commuting terms for the energy expecta ion
value on a trial wavefunction | i = Uˆ |0¯i
E¯ = h | Hˆq | i =
X
n
h | Hˆn | i . (8)
By introducing res lutions of the identity Uˆ †nUˆn we can
rewrite E¯ as
E¯ =
X
n
h | Uˆ†nUˆnHˆnUˆ†nUˆn | i (9)
=
X
n
h | Uˆ†nAˆnUˆn | i (10)
=
X
n
h n| Aˆn | n , (11)
where we introduced new wavefunctions | ni = Uˆn | i
for w ich the QWC measurement of the Aˆn group can be
do e in a regular manner. Since qubit-wise commutativity
always implies full commutativity, introducing Uˆn does
not change the commutativity property of the Hˆn set.
Therefore, if we define Uˆn and obtain Aˆn groups, we
can do QWC measurements of | ni wavefunctions that
produce the expectation value of energy (Fig. ??).
To accomplish this we use somewhat extended idea of
qubit tapering proposed by Braviy et al.15 for Hˆn frag-
ments. Braviy et al. suggested a construction of unitary
transformations applied to the whole qubit Hamiltonian
that make some of the qubit operators to transform to
a single Pauli operator, xˆi, which allows one to substi-
tute them by numbers and thus to remove them from
consideration. For our purpose, we need to substitute all
single-qubit operators within Hˆn to a fixed single Pauli op-
erator, this makes the transformed version of Hˆn to have
only QWC ter s. Appendix B details the construction
procedure for Uˆn.
D. Optimal partitioning of the Hamiltonian
Here we will address the question on optimal partition-
ing of the Hamiltonian to fully commuting terms. This
question is nontrivial because the commutativity relation
is not the equivalence relation in the algebraic sense and
thus does not provide unique non-overlapping partitioning
to the equivalence classes. To see this, let us recall that
for the equivalence relation ⇠ between elements of any set
{a, b, c, ...} we need to have three conditions: 1) a ⇠ a, 2)
if a ⇠ b then b ⇠ a, and 3) if a ⇠ b and b ⇠ c then a ⇠ c.
If these conditions are satisfied the set can be split into
non-overlapping unique subsets whose elements are all
equivalent to each other. Unfortunately, only conditions
1) and 2) are satisfied for the commutativuty relation,
which is not enough for the equivalence relation. Indeed,
it is easy to see on the example [x1, y2] = 0 and [y2, z1] = 0
but that does not lead to [x1, z1] = 0.
Yet, the two conditions that are satisfied for the com-
mutativity relation are enough to represent it as graph
edges between the Pauli words of the Hamiltonian. As a
simple illustration one can consider the following model
Hamiltonian
H = z1z2 + z1z2z3 + z1z2z4
+x3x4 + y1x3x4 + y2x3x4, (12)
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|q3i
|q2i Rx(⇡2 )
|q1i
|q0i H
Figure 2. Circuit illustrating the measurement of the term  z3 
y
2 
z
1 
x
0
in the Z basis. We must applyH or Rx( ⇡2 ) gates (or equivalent) to
change basis when measuring Paul -Y and P uli-X operations.
state,asdescribedin[31]. Inthiscase,theindexesoftheex-
citation operators inEq. (7) run over the set of all possible
spin-orbitals.
C. Energy measurement
Once the state preparation has been perform d, the next
s ep in the VQE algorithm is the calculati n of the obj c-
tive function that corr sponds to he energy measurement
E = h 0|e (T T †)HeT T † | 0i. To avoid performing phase
estimation, which has a prohibitively large circuit depth for
current and near-future quantum devices, we employ the
Hamiltonian averaging procedure, introduced in [31, 35]. In
this case the energy is calculated by measuring the expecta-
tion value of every term in the Hamiltonian and adding them
to obtain the total energy:
E =
MX
i
hihOii (29)
where every Hamiltonian term, Oi, comprises of a tensor
product of Pauli matric s obtain d from the JW or the BK
transformatio s, multiplied by the cor esponding Hamiltonian
coefficient, hi. The expectation value of a string of Pau i ma-
trices, can be measured as illustrated in Figure 2 using projec-
tive measurements.
We can estimate the number of measurements required to
converge the total energy to a precision ✏ following a frequen-
tist approach, as shown in [32]. Assuming each term in the
Hamiltonian is measured mi times, the precision achieved in
each term, ✏i, is given by:
✏2i =
|hi|2Var[hOii]
mi
(30)
where Var[hOii] represents the variance of the expectation
value of the operator Oi, which is upper-bounded by 1 in the
case of Pauli terms. To achieve precision ✏ in the total en-
ergy we can choose ✏2i =
|hi|PM
j |hj |
✏2. Taking into account the
bound in the variances, we can estimate the total number of
measurements,m, as:
m =
PM
j |hj |
PM
i |hi|Var[hOii]
✏2
 (
PM
j |hj |)2
✏2
(31)
D. Parameter optimization
The final step of the VQE algorithm involves the minimiza-
tion of the total energy with respect to the wavefunction pa-
rameters, that in the case of UCC correspond to the cluster
amplitudes, ~t. This is a non-linear optimization problem for
which a variety of optimization algorithms has been proposed
[71]. How ver, we ote that in early demonstration of the
VQE algorithm the obj ctive fu ction might exhibi a highly
non-smooth character due to experim ntal noisy conditions.
In this scenario, we might expect that direct search algorithms,
which are more robust to noise, have an advantage over opti-
mization methods that rely on gradients [72].
The optimization performance will also depend on the qual-
ity of the starting parameters. Fortunately, it is possible to gen-
erate starting guesses for the cluster amplitudes based on clas-
sic quan um chemistry approaches. For instance, classical
CCSD employ the CC amplitudes ob ain d from sec nd order
Møller-Plesset perturbation theory (MP2) as starting guesses
to solve for the CC equations. The MP2 guess amplitudes are
given by the equations:
tai = 0; t
ab
ij =
hijba   hijab
✏i + ✏j   ✏a   ✏b (32)
where ✏p stands for the Hartree-Fock energy of the orbital p
and hpqrs represent the two electron integrals (Eq. (4)). This
inf rmation is obtained directly from the Hartree-Fock calcu-
lation. As the solutions of truncated CC or truncated CI are
also efficient, it is possible to use cluster amplitudes obtained
from methods such as CCSD. One can easily compute both
cluster amplitudes and MP2 amplitudes using modules pro-
vided in OpenFermion [73].
Classical approximations to the cluster amplitudes also
serve as a criteria to reduce the number of parameters in the
optimization. Before starting the VQE optimization, we can
remove from the UCC unitary those excitation operators that
have a small amplitude according to the classical estimate,
as they are likely to also have a small contribution to the fi-
nal wavefunction. Once the first optimization has been com-
pleted, we might include more excitation operators and re-
peat the optimization until a desired convergence threshold
is achieved. The same strategy could be employed during the
optimization process, discarding those operators for which the
cluster amplitudes remain small after certain number of VQE
iterations.
E. Gradient evaluation for UCC
Direct search algorithms can be more robust to noise than
gradient-based approaches, but this generally comes at the
cost of demanding a larger number of function evaluations to
achieve convergence [72]. As the accuracy of quantum com-
puters increases, the possibility of computing energy gradi-
ents in the quantum computer becomes more feasible. One
possibility is to compute the gradient numerically, using for
instance a finite difference formula. In this case, the accuracy
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Here [Pˆ
(n)
I ,
ˆ(n)
J ]qw denotes a qubit-wise commutator of
two Pauli words, it is zero only if all one-qubit opera-
tors in Pˆ
(n)
I commute with their counterparts in Pˆ
(n)
J .
Clearly, if [Pˆ
(n)
I , Pˆ
(n)
J ]qw 0 then the normal commuta-
tor is [Pˆ
(n)
I , Pˆ
(n)
J ] = 0. The opposite is not true, a simple
example is [xˆ1xˆ2, yˆ1yˆ2] = 0 but [xˆ1xˆ2, yˆ1yˆ2]qw 6= 0.
Partitioning of the Hq in Eq. (4) allows one to easure
all Pauli words within each Aˆn term in a single set of N
one-qubit measure ents. For every qubit, it is k own
from the form of Aˆn, wh t Pauli operator needs to be
measured. The advantage of this sch me is t at it requires
only singl -qubit easurements, which are technically
easier than multi-qubit measurements. The disadv ntage
of this schem is that the Hamiltonian may require to
measure too many Aˆn terms separately.
On the oth r hand, qu ntum mechanics allows us to
know certainly expectation valu s of all mutually commut-
ing operators. Therefore, potentially one can par tion
the Hamiltonian into groups of fully commuting terms
Hˆq =
MX
n=1
Hˆn, [Hˆn, Hˆk] 6= 0, if n 6= k (6)
Hˆn =
X
I
C
(n)
I Pˆ
(n)
I , [Pˆ
(n)
I , Pˆ
(n)
J ] = 0, 8I&J. (7)
Clearly, because all QWC erms ar also fully commuting
but reverse is not t ue, the number of Hˆn g oups M ,
will be smaller than that of Aˆn, K. Moreov r, App ndix
A shows that the ratio between the numbers of Pauli
words that commute an qubit-wise commute with an
average Pa li word grows xp entially with the num er
of qubits. Two questions arise: 1) Is it possible to us
the partitioning to fully commuting group of terms in
VQE without hardw re modification?, and 2) How to
find the optimal partitioning of the Hamiltonian to fully
commuting group of terms?
C. Unitary Transformations
To use more e cient partitioning o groups of fully com-
muting terms and keep the same single-qubi measurement
protocol we introduce extra unitary transformations {Uˆn}
that transform each fully commuting group H into a
QWC group, Aˆn = UˆnHˆnUˆ
†
n. Note that Aˆn re not neces-
sarily the same QWC operators that appear in the QWC
partitio ing of Hˆq. Let s consider parti ioning of the Hq
into fully commu ing terms for the energy expectation
value on a trial wavefunction | i = Uˆ |0¯i
E¯ = h | Hˆq | i =
X
n
h | Hˆn | i . (8)
By int oducing re olutio s of the identity Uˆ †nUˆn w c
rewrite E¯ as
E¯ =
X
n
h | Uˆ†nUˆnHˆnUˆ†nUˆn | i (9)
=
X
n
h | Uˆ†nAˆnUˆn | i (10)
=
X
n
h n| Aˆn | ni = An, (11)
where we introduc d new wavefunctions | ni = Uˆn | i
for which the QWC measurement of the Aˆn group can be
done in a regular manner. Since q bi -wise commutativity
always implies full commu ativi y, in roducing Uˆn does
not change the commutativity property of the Hˆn set.
Therefore, if we defin Uˆn and obtain Aˆn groups, we
can do QWC measurements of | ni wavefunctions that
produce the expectation value of energy (Fig. ??).
To accomplish this we use somewhat ext nded idea of
qubit tapering proposed by Braviy et al.15 for Hˆn frag-
ments. Braviy et al. suggest a construction of unitary
transformations applied to the whole qubi Hamil onian
hat m ke s me of the qubit operators t tran f rm to
a single Pauli operator, xˆi, which allows on t substi-
tute them by numbers and th s to remov them from
consideration. For ur purpose, we need to substitute all
single-qubit operators within Hˆn to a fixe single Pauli op-
erator, this makes he transforme version of Hˆn to have
only QWC terms. Appendix B details the construction
procedure for Uˆn.
D. Optimal partitioning of the Hamiltonian
Here we will address he question on opti al partition-
ing of the Hamiltonian to fully commuting terms. This
question is nontrivial because the commutativity elatio
is not t e equivalence relation n the algebraic se se nd
thus does not provide unique non-overlapping par itioning
to the equival nce c ass s. To see this, let us recall that
for the equivalence r lation ⇠ between elements f any set
{a, b, c, ...} we ne d to have three conditions: 1) a ⇠ a, 2)
if a ⇠ b then b ⇠ a, and 3) if a ⇠ b and b ⇠ c the a ⇠ c.
If these conditions are satisfied the set can be split into
non-ov rlapping unique subsets wh se elements are all
equivalent to each other. Unfortunately, only conditions
1) and 2) are satisfied f r the commut tivuty relation,
which is not nough f r t e quival nce relation. Indeed,
it is y to see on the example [x1, y2] = 0 and [y2, z1] = 0
but that does no lead to [x1, z1] = 0.
Yet, e two conditi ns that are satisfied for the com-
mutativity rela ion are enough t repr sent it as graph
edges betwe n the Pauli words of the Hamiltonian. As a
simple illustration one can consider the following model
Hamiltonian
H = z1z2 + z1z2z3 z1z2z4
+x3x4 + y1x3x4 + y2x3x4, (12)
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Here [Pˆ
(n)
I , Pˆ
(n)
J ]qw denotes a qubit-wise commutator of
two Pauli words, it is zero only if all one-qubit opera-
tors in Pˆ
(n)
I commute with their counterparts in Pˆ
( )
J .
Clearly, if [Pˆ
(n)
I , Pˆ
(n)
J ]qw = 0 then the normal commuta-
tor is [Pˆ
(n)
I , Pˆ
(n)
J ] = 0. The opposite is not true, a simple
example is [xˆ1xˆ2, yˆ1yˆ2] = 0 but [xˆ1xˆ2, yˆ1yˆ2]qw 6= 0.
Partitioning of the Hq in Eq. (4) allows one to measure
all Pauli words within each Aˆn term in a single set of N
on -qubit measurements. For every qubit, it is known
from th form of Aˆn, what Pauli operator needs to be
measure . The advantage of this scheme is that it requires
only single-qubit measuremen s, which are technically
easier than multi-qubit measurement . Th disadvantage
of this scheme is that the Hamilton an may require to
measure too many Aˆn terms separa ely.
On the other hand, quantum mechanics allo s s to
know certainly expectation values of all mutually commut-
ing operators. Therefore, potentially one can partition
the Hamiltonian into groups of fully commuting terms
Hˆq =
MX
n=1
Hˆn, [Hˆn, Hˆk] 6= 0, if n 6= k (6)
Hˆn =
X
I
C
(n)
I Pˆ
(n)
I , [Pˆ
(n)
I , Pˆ
(n)
J ] = 0, 8I&J. (7)
Clearly, because all QWC terms are also fully commuting
but reverse is not true, the number of Hˆn groups, M ,
will be smaller than that of Aˆn, K. Moreover, Appendix
A shows that the ratio between the number of Pauli
words t at com ute and qubit-wise commute with a
average Pauli w rd grows exponentially with the number
of qubits. Two questions arise: 1) Is it possible to use
the partitioning to fully commuting group of terms in
VQE without hardware modification?, and 2) How to
find the optimal partitioning of the Hamiltonian to fully
commuting group of terms?
C. Unitary Transformations
To use more e c ent p rtitioning to groups of fully com-
muting terms and keep t e same single-qubit measurement
protocol we introduce extra unitary transf rmations {Uˆn}
that transform each fully commuting gr up Hˆn into a
QWC group, Aˆn = UˆnHˆ Uˆ
†
n. Note that Aˆn are not neces-
sarily the same QWC operators that appear in the QWC
partitioning of Hˆq. Let us consider partitioning of the Hq
nto fully commuting terms for the energy expectation
value o a trial wavefunction | i = Uˆ |0¯i
E¯ = h | Hˆq | i =
X
n
h | Hˆn | i . (8)
By introducing resolutions of the identity Uˆ †nUˆn we can
rewrite E¯ as
E¯ =
X
n
h | Uˆ†nUˆnHˆnUˆ†nUˆn | i (9)
=
X
n
h | Uˆ†nAˆnUˆn | i (10)
=
X
n
h n| Aˆn | ni = An, (11)
where we introduced ew wavefunctions | ni = Uˆn | i
for which the QWC measurement of the Aˆn group can be
don in a regular manner. Since qubit-wise commutativity
always implies full commutativity, introducing Uˆn does
not change the commutativity property of the Hˆ set.
Therefore, if we define Uˆn and obtain Aˆn groups, we
can do QWC measurements of | ni wavefunctions that
produc the expectatio value of energy (Fig. ??).
To accomplish thi we use somewhat extended idea of
qubit tapering proposed by Braviy et al.15 for Hˆn frag-
men s. Braviy al. s ggested cons r ction of unit ry
transforma ions applied to the whol qubit Hamilt ian
that mak some of the qubit operators to transform to
a single Pauli operator, xˆi, which all ws one to substi-
tute them by numbers and thus to remove them from
consideration. For our purpose, we need to substitute all
single-qubit operators within Hˆn to a fixed single Pauli op-
erator, this makes the tra sformed version of Hˆn to have
only QWC te s. Appendix B details the construction
procedure for Uˆn.
D. Optimal partitioning of the Hamiltonian
Here we will address the question on optimal partition-
ing of the Hamilton a to fully commuting terms. This
question is nontrivial because the commutativity relation
is not the equivalence relation in the algebraic sense and
thus does not provide unique non-overlapping partitioning
to the equivalence classes. To see this, let us recall that
for the equivalence relation ⇠ be ween elements of any set
{a, b, c, ...} we need to have three conditions: 1) a ⇠ a, 2)
if a ⇠ b then b ⇠ a, and 3) if a ⇠ b and b ⇠ c then a ⇠ .
If these conditions are satisfied he set can be split into
non-overlapping unique subsets hose elements are all
equivalent to each other. Unfortunately, only conditions
1) nd 2) are satisfi for the commutativuty relation,
which is n t nough for the equivalence relation. Indeed,
t is ea y to se on the ex mple [x1, y2] = 0 and [y2, z1] = 0
but at oes not lead to [x1, z1] = 0.
Y t, the two co ditions that are satisfied for the com-
mutativity relation are enough to represent it as graph
edges between the Pauli words of the Hamiltonian. As a
simple illustration one can consider the following model
Hamiltonian
H = z1z2 + z1z2z3 + z1z2z4
+x3x4 + y1x3x4 + y2x3x4, (12)
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J ] = 0. The opposite is not true, a simpl
example is [xˆ1xˆ2, y1yˆ2] = 0 but [xˆ1xˆ2, yˆ1yˆ2]qw 6= 0.
Parti ioning of the Hq in Eq. (4) lows one to measure
all Pauli word withi each Aˆn t rm in a single se of N
ne-qubit measurements. For every qubit, it is known
from the form Aˆn, w at Pauli operator needs to be
measur d. The adva age of this schem is that it requires
only single-qubit m asurements, which are t chnically
asier than multi-qubit measure ents. The disadvantage
of this scheme is that the Hamiltonian may require to
measure too many Aˆn terms separately.
On the other hand, quantum mechanics allows us to
know certainly expectation values of all mutually commut-
ing operators. Therefore, potentially one can partition
the Hamiltonian into groups of fully commuting ter s
Hˆq =
MX
n=1
Hˆn, [Hˆn, Hˆk] 6= 0, if n 6= k (6)
Hˆn =
X
I
C
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I Pˆ
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I , [Pˆ
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J ] = 0, 8I&J. (7)
Clearly, because all QWC terms are also fully commuting
but reverse is not true, the number of Hˆn groups, M ,
will be smaller than that of Aˆn, K. Moreover, Appendix
A shows that the ratio between the numbers of Pauli
words that commute and qubit-wise commute with an
average Pa li word grows exponentially with the number
of qubits. Two questions arise: 1) Is it possible to use
the partitioning to fully comm ting group of terms n
VQE without har wa e modification?, and 2) How to
find the optimal partitioning of the Hamiltonian to fully
commuting group of terms?
C. Unitary Transformations
To use more e cient partitioning to groups of f lly com-
muting terms and keep the same single-qubit measu ement
protocol we introduce extra unitary transform tio s {Uˆn}
that transform each fully commuting group Hˆn in o a
QWC group, Aˆn = UˆnHˆnUˆ
†
n. Note that Aˆn ar not nec s-
sarily the same QWC oper tors that appear in the QWC
partitio ing of Hˆq. Let us c ider partitioning of the Hq
into fully commuting terms for the energy expectation
value on a trial wavefunction | i = Uˆ |0¯i
E¯ = h | Hˆq | i =
X
n
h | Hˆn | i . (8)
By i trod cing r solutions of the identity Uˆ †nUˆn we can
rewrite E¯ as
E¯ =
X
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h | Uˆ†nUˆnHˆnUˆ†nUˆn | i (9)
=
X
n
h | Uˆ†nAˆnUˆn | i (10)
=
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h n| Aˆn | ni = An, (11)
where w introd ced new wavefunctions | ni = Uˆn | i
for which th QWC meas rement of the Aˆn group can be
done i a regular manner. Since qubit-wise commutativity
always implies full commutativity, introducing Uˆn does
not change the commutativity property of the Hˆn set.
Therefore, if we define Uˆn and obtain Aˆn groups,
can do QWC measurements of | ni wavefunctions tha
produce the expectation value of energy (Fig. ??).
To accomplish this we use somewhat extended idea of
qubit tapering proposed by Braviy et al.15 for Hˆn frag-
ments. Braviy et al. suggested a construction of unitary
transformations appli d to the whole qubit Hamiltonian
that ake some of the qubit operators to transform to
a ingl Pauli operator, xˆi, which ll ws one to substi-
tute them by numbers and thus to remove them from
consideration. For ur purpose, we need to substitute all
single-qubit operators within Hˆn to a fixed single Pauli op-
erator, this akes the transformed version of Hˆn to have
only QWC terms. Appendix B details the construction
procedure for Uˆn.
D. Optimal partitioning of the Hamiltonian
Here we will address the question on o timal partition-
ing of the H mil onian t fully commuti g terms. This
quest o is nontrivial because the commutativity rel tion
is not the equival n e rela ion in the lgebraic se se and
t us does not provide unique non-overlapping partitioning
to the equivalence clas s. To se thi , let us recall that
for th equivalence relation ⇠ b twe eleme ts of any set
{a, b, c, ...} we need to have three conditions: 1) a ⇠ a, 2)
if a ⇠ b then b ⇠ a, and 3) if a ⇠ b and b ⇠ c then a ⇠ c.
If these conditions are satisfied the set can be split into
non-overlapping unique subsets whose elements are all
equivalent to each other. Unfortunately, only conditions
1) and 2) are satisfied for the commutativuty relation,
which is not enough for the equivalence relation. Indeed,
it is a y to see on th exa ple [x1, y2] = 0 and [y2, z1] = 0
but that does not l ad to [x1, z1] = 0.
Yet, the two condi ions that are satisfied for he com-
muta ivity relatio are enough to r present it as graph
edge between the Pauli words of the Hamiltonian. As a
simple illustration one can consider the following model
Hamiltoni n
H = z1z2 + z1z2z3 + z1z2z4
+x3x4 + y1x3x4 + y2x3x4, (12)
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The Variational Quantum Eigensolver (VQE) approac to the electro ic structure proble on a
quantum computer involv s measure ent of the Hamiltonian xpectation value. Formally, q a tum
mechanics allows one to measure all mutually commuting or compatible operato s simultaneous y.
Unfortunately, the current hardware permits measuring only a much more l mited subset of operat rs
that share a common tensor product eigen-basis. We introduce unitary transformations that transform
any fully commuting group of operators to a group that can be measured on current hardware. These
unitary operations can be encoded as a sequence of circuit gates and let us measure much larger
groups of terms. The problem of finding the minimum number of fully commuting groups of terms
covering the whole Hamiltonian is found to be equivalent to the minimum clique cover problem for a
graph representing Hamiltonian terms as vertices and commutativity between them as edges. Tested
on few molecular electronic Hamiltonians with up to 35,000 terms, the introduced technique allows
for the reduction of the number of separately measurable operator groups down to few hundreds,
thus achieving up to two orders of magnitude reduction.
I. INTRODUCTION
Using quantum superposition and entanglement, quan-
tum computers promise a new powerful routes o solve
problems that are exponentially hard for their classi al
counterparts. Even though quantum hardware advance-
ments generated a surge of interest in develop ng new
algorithms to solve these hard problems, we are st l
in the era of noisy intermediate scale quant m (NISQ)
computing.? One of the hallmarks of NISQ algorith s
is hybrid quantum-classical optimization of parametrized
quantum circuits. The variational quantum eigensolver
(VQE) approach is a particular realization of this idea
for solving optimization problems by mapping their so-
lution to lowest eigen-states of a particular Hamiltonian
with a bound spectrum. In this case, the optimization
is simplified by the existence of the variational theorem
that guara tees that any trial wavefunction will approach
the solution from above. In VQE, the quantum computer
prepares a trial wavefunction | qi and estimates an expec-
tation value for the target Hamiltonian H¯ = h q| Hˆq | qi.
The classical computer suggests a next trial wavefunc-
tion using results of expectation values based on previous
wavefunc ions.
One of the exponentially hard and thus attractive pr b-
l ms that is highly valuabl f chemistry is the elec-
tronic struct pr blem. It solution provides a route to
predicting chemic l properties a d designing many ne
valuable compo nds suc a mat rials and dr gs. It is
formulated using the Born-Oppenhei er separation of
nucle r variables as parameters for t e electro ic part of
the time-independent molecular Schrodinger equation
Hˆe(R) | (R)i = Ee(R) | (R)i , (1)
where Hˆe(R) is the electronic Hamiltonian, R is the
nucle configuration of interest, Ee(R) is the elec ronic
energy. To treat this problem within the VQE fra ework
it can be mapped to a qubit eigenvalue problem
Hˆq(R) | q(R)i = Ee(R) | q(R)i , (2)
where Hˆq(R) is the qubit Hamiltonian obtained from a
second quantiz d form of Hˆe(R)
13 using one of fe mion-
qubit mappings,8–12 nd | q(R)i is the corresponding
qubit wave-function. For a molecule t e qubit Hamilto-
nian is a linear combination
Hˆq(R) =
X
I
CI(R) PˆI (3)
of Pauli te r products PˆI (Pauli “words”) defined as
PI
NY
i=1
 ˆ
(I)
i , (4)
where  ˆ
(I)
i is one of the xˆ, yˆ, zˆ Pa li operators or dentity
eˆ for the ith qubit. The number of qubits, N , is equal
to the nu ber of molecula rbitals used in the second
quan iz d form the electro ic Hamiltonian. Below, for
simplicity, we will skip the nuclear configurati R but
always assume its existence as a parameter.
min
Uˆ
E¯(Uˆ) (5)
Besides problems associat d with devisi g a low-depth
circui for accurat preparation of | qi, the electronic
structure problem poses another di culty for VQE, it is
in estimation of t e expectatio value for the qubit Hamil-
tonian Hˆq. Note that in contrast to q antum simulators,
Regular VQE cycle
=
C
FIG. 1. New omputational scheme.
To accomplish this we use somewhat extended id a
of q bit tapering proposed by Braviy et al.25 for the
Hˆn fragments. Braviy et al. suggested a construction
of unitary transform tions applied to the whole qubit
Hamiltonian that make some of the qubit operators to
transform to the single Pauli operator xˆi, which allows
one to substitute xˆi’s by numbers nd thus to remove
them from the consideration. For our purpose, we need to
substitute all single-qubit operators within Hˆn to a fixed
single Pauli operator. This makes the transformed version
of Hˆn to have only terms. Appendix B details
the construction procedure for Uˆn and also roves that
such transformations always exi t for linear comb nations
of commuting Pauli words. Another important aspect
illustr ted in Appendix B is efficiency of implementation
of Uˆn on both quantum and classical computers (see
Fig. 1). This efficiency is guaranteed by the Gottesman-
Knill theorem because Uˆn’s can be expressed as a sequence
of Clifford gates.26
C. Illustrative Example
To illustrate the advantage of the new approach let
us consider the model Hamiltonian Hˆm = axˆ1xˆ2 + bzˆ1zˆ2,
clearly its parts commut and sh r eigenst tes (i. . Bell
states)
|‖±〉 = 1√
2
(|↑↑〉 ± |↓↓〉) (13)
|⊥±〉 = 1√
2
(|↑↓〉 ± |↓↑〉) . (14)
These eigenstates give
zˆ1zˆ2 |‖±〉 = (+1) |‖±〉 xˆ1xˆ2 |‖±〉 = (±1) |‖±〉 (15)
zˆ1zˆ2 |⊥±〉 = (−1) |⊥±〉 xˆ1xˆ2 |⊥±〉 = (±1) |⊥±〉 ,(16)
and he ce their eigenvalues for the model Hami tonians
are
〈‖±| Hˆm |‖±〉 = ±a+ b, (17)
〈⊥±| Hˆm |⊥±〉 = ±a− b. (18)
If |‖+〉 is set as a trial VQE wavefunction, a sin l -
qubit measurement scheme cannot determin expectatio
values of zˆ1zˆ2 and xˆ1xˆ2 at the same time. This is easy
to illustrate, by considering zˆ1zˆ2 measurements, it will
collapse |‖+〉 to either |↑↑〉 or |↓↓〉 with equal probabilities
and eige valu +1 for both outc es. However, based on
only zˆ1zˆ2 measurements we will not be able to separate
|‖+〉 from |‖−〉. On the other hand, expectation values
of xˆ1xˆ2 are uncertain after the zˆ1zˆ2 easurement. Even
though
〈↑↑| xˆ1xˆ2 |↑↑〉 = 〈↓↓| xˆ1xˆ2 |↓↓〉 = 0, (19)
there ar non-z ro varia ces for both wavefunctions. This
is a result f a single-qubit projective measurement of |‖+〉
that destroys the superpositio and projects |‖+〉 onto
he |↑↑〉 and |↓↓〉 basis. Th only way to obtain informa-
tion on xˆ1xˆ2 in the conventional single-qubit scheme is to
4start over and to measure |‖+〉 using xˆ1 and xˆ2 operators.
This will produce the second set of data because measure-
ment of xˆ1 and xˆ2 operators projects a wavefunction to a
different basis
|‖+〉 = 1√
2
(|→→〉+ |←←〉) , (20)
where xˆ |→〉 = +1 |→〉 and xˆ |←〉 = −1 |←〉. In the case
of |‖+〉 we will obtain two projections |→→〉 and |←←〉
both with eigenvalue +1, as previously, the z projections
are uncertain after measuring xˆ1xˆ2.
The new technique introduces a unitary transformation
Uˆ = (xˆ1xˆ2 + zˆ1)(zˆ1zˆ2 + xˆ2)/2 that modifies the model
Hamiltonian into a QWC group
UˆHˆmUˆ
† = azˆ1 + bxˆ2 (21)
Therefore, if we measure
Uˆ |‖+〉 = 1√
2
(|↑↑〉+ |↑↓〉) = |↑→〉 (22)
on the QWC operator azˆ1 + bxˆ2 we obtain a + b in all
instances with the wavefunction readout corresponding
to |↑→〉. Similarly, if Uˆ |‖−〉 = |↓→〉 is measured for the
QWC operator, we obtain the correct answer −a+ b in
all cases with a single set of measurements.
D. Optimal partitioning of the Hamiltonian
Optimal partitioning for the qubit Hamiltonian to a
minimal number of groups containing mutually commut-
ing terms can be done exactly the same way as in the
QWC partitioning.19 Regular commutativity can be also
considered as a binary symmetric relation between Pauli
words of the qubit Hamiltonian. This allows one to repre-
sent any qubit Hamiltonian as a graph with edges between
commuting terms (vertices). As a simple illustration, one
can consider the following model Hamiltonian
Hˆq = zˆ1zˆ2 + zˆ1zˆ2zˆ3 + zˆ1zˆ2zˆ4
+xˆ3xˆ4 + yˆ1xˆ3xˆ4 + yˆ2xˆ3xˆ4, (23)
whose commutativity graph is given in Fig. 2. Then, to
determine how many terms can be measured at the same
time, one needs to gather groups of terms that are com-
muting. In the graph representation, this means finding
fully-connected sub-graphs or cliques. To optimize the
measurement process we are interested in the minimum
number of cliques, the MCC problem (Fig. 2, the middle
panel)
Hˆq = Hˆ1 + Hˆ2
Hˆ1 = zˆ1zˆ2 + zˆ1zˆ2zˆ3 + zˆ1zˆ2zˆ4 (24)
Hˆ2 = xˆ3xˆ4 + yˆ1xˆ3xˆ4 + yˆ2xˆ3xˆ4. (25)
This problem is NP-hard in general. Also, it is easy to see
there are other clique covers possible (Fig. 2, the lower
panel)
Hˆq = Hˆ
′
1 + Hˆ
′
2 + Hˆ
′
3 (26)
Hˆ ′1 = zˆ1zˆ2 + xˆ3xˆ4 (27)
Hˆ ′2 = zˆ1zˆ2zˆ3 + zˆ1zˆ2zˆ4 (28)
Hˆ ′3 = yˆ1xˆ3xˆ4 + yˆ2xˆ3xˆ4. (29)
This solution contains larger number of cliques and thus
is not optimal.
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Here [Pˆ
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(n)
J ]qw denotes a qubit-wise commutator of
two Pauli words, it is zero only if all one-qubit opera-
tors in Pˆ
(n)
I commute with their counterparts in Pˆ
(n)
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Clearly, if [Pˆ
(n)
I , Pˆ
(n)
J ]qw = 0 then the normal commuta-
tor is [Pˆ
(n)
I , Pˆ
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J ] = 0. The opposite is not true, a simple
example is [xˆ1xˆ2, yˆ1yˆ2] = 0 but [xˆ1xˆ2, yˆ1yˆ2]qw 6= 0.
Partitioning of the Hq in Eq. (4) allows one to measure
all Pauli words within each Aˆn term in a single set of N
one-qubit me surements. For every qubit, it is known
from the form of Aˆn, what Pauli operator needs to be
measured. The advantage of this scheme is that it requires
only single-qubit measurements, which are technically
easier than multi-qubit measurements. The disadvantage
of this scheme is tha the Hamiltonian may require to
measure too many Aˆn terms separately.
On the other hand, quantum mechanics allows us to
know certai ly expectation values of all mutually commut-
ing operators. Therefore, potentially one can partition
the Hamiltonian into groups of fully commuting terms
Hˆq =
MX
n=1
Hˆn, [Hˆn, Hˆk] 6= 0, if n 6= k (6)
Hˆn =
X
I
C
(n)
I Pˆ
(n)
I , [Pˆ
(n)
I , Pˆ
(n)
J ] = 0, 8I&J. (7)
Clearly, because all QWC terms are also fully commuting
but reverse is not true, the number of Hˆn groups, M ,
w ll be small r than th t of Aˆn, K. Moreover, Appendix
A shows that the ratio between the numbers of Pauli
words that com ute and qubit-wise commute with an
average Pauli word grows exponentially with the number
of qubits. Two questions arise: 1) Is it possible to use
the part tioning to fully commuting group of terms in
VQE without hardware modification?, and 2) How to
find the optimal partitioning of the Hamiltonian to fully
com uting group of terms?
C. Unitary Transformations
To use more e cient partitioning to groups of fully com-
muting terms and keep the same single-qubit measurement
protocol we introduce extra unitary transformations {Uˆn}
that transform each fully commuting group Hˆn into a
QWC group, Aˆn = UˆnHˆnUˆ
†
n. Note that Aˆn are not neces-
sarily the same QWC operators that appear in the QWC
partitioning of Hˆq. Let us consider partitioning of the Hq
into fully commuting terms for the energy expectation
value on a trial wavefunction | i
E¯ = h | Hˆq | i =
X
n
h | Hˆn | i . (8)
By introducing resolutions of the identity Uˆ †nUˆn we can
rewrite E¯ as
E¯ =
X
n
h | Uˆ†nUˆnHˆnUˆ†nUˆn | i (9)
=
X
n
h | Uˆ†nAˆnUˆn | i (10)
=
X
n
h n| Aˆn | ni , (11)
where we introduced new wavefunctions | ni = Uˆn | i
for which the QWC measurement of the Aˆn group can be
done in a regular manner. Since qubit-wise commutativity
always implies full commutativity, introducing Uˆn does
not change the commutativity property of the Hˆn set.
Therefore, if we define Uˆn and obtain Aˆn groups, we
can do QWC measurements of | ni wavefunctions that
produce the expectation value of energy.
To accomplish this we use somewhat extended idea of
qubit tapering proposed by Braviy et al.15 for Hˆn frag-
ments. Braviy et al. suggested a construction of unitary
transformations applied to the whole qubit Hamiltonian
that make some of the qubit operators to transform to
a single Pauli operator, xˆi, which allows one to substi-
tute them by numbers and thus to remove them from
consideration. For our purpose, we need to substitute all
single-qubit operators within Hˆn to a fixed single Pauli op-
erator, this makes the transformed version of Hˆn to have
only QWC terms. Appendix B details the construction
procedure for Uˆn.
D. Optimal partitioning of the Hamiltonian
Here we will address the question on optimal partition-
ing of the Hamiltonian to fully commuting terms. This
question is nontrivial because the commutativity relation
is not the equivalence relation in the algebraic sense and
thus does not provide unique non-overlapping partitioning
to the equivalence classes. To see this, let us recall that
for the equivalence relation ⇠ between elements of any set
{a, b, c, ...} we need to have three conditions: 1) a ⇠ a, 2)
if a ⇠ b then b ⇠ a, and 3) if a ⇠ b and b ⇠ c then a ⇠ c.
If these conditions are satisfied the set can be split into
non-overlapping unique subsets whose elements are all
equivalent to each other. Unfortunately, only conditions
1) and 2) are satisfied for the commutativuty relation,
which is not enough for the equivalence relation. Indeed,
it is easy to see on the example [x1, y2] = 0 and [y2, z1] = 0
but that does not lead to [x1, z1] = 0.
Yet, the two conditions that are satisfied for the com-
mutativity relation are enough to represent it as graph
edges between the Pauli words of the Hamiltonian. As a
simple illustration one can consider the following model
Hamiltonian
H = z1z2 + z1z2z3 + z1z2z4
+x3x4 + y1x3x4 + y2x3x4, (12)
2
Here [Pˆ
(n)
I , Pˆ
(n)
J ]qw denotes a qubit-wise commutator of
two Pauli words, it is zero only if all one-qubit opera-
tors in Pˆ
(n)
I commute with their counterparts in Pˆ
(n)
J .
Clearly, if [Pˆ
(n)
I , Pˆ
(n)
J ]qw = 0 then the normal commuta-
tor is [Pˆ
(n)
I , Pˆ
(n)
J ] = 0. The opposite is not true, a simple
example is [xˆ1xˆ2, yˆ1yˆ2] = 0 but [xˆ1xˆ2, yˆ1yˆ2]qw 6= 0.
Partitioning of the Hq in Eq. (4) allows one to measure
all Pauli words within each Aˆn term in a single set of N
one-qubit measurements. For every qubit, it is known
from the form of Aˆn, what Pauli operator needs to be
measured. The advantage of this scheme is that it requires
only single-qubit measurements, which are technically
easier than multi-qubit measurements. The disadvantage
of this scheme is that the Hamiltonian may require to
measure too many Aˆn terms separately.
On the other hand, quantum mechanics allows us to
know certainly expectation values of all mutually commut-
ing operators. Therefore, potentially one can partition
the Hamiltonian into groups of fully commuting terms
Hˆq =
MX
n=1
Hˆn, [Hˆn, Hˆk] 6= 0, if n 6= k (6)
Hˆn =
X
I
C
(n)
I Pˆ
(n)
I , [Pˆ
(n)
I , Pˆ
(n)
J ] = 0, 8I&J. (7)
Clearly, because all QWC terms are also fully commuting
but reverse is not true, the number of Hˆn groups, M ,
will be smaller than that of Aˆn, K. Moreover, Appendix
A shows that the ratio between the numbers of Pauli
words that commute and qubit-wise commute with an
average Pauli word gro s ex onentially with the umber
of qubits. Two questions arise: 1) Is it possible to use
the partitioning to fully commuting group of terms in
VQE without hardware modification?, and 2) How to
find the optimal partitioning of the Hamiltonian to fully
commuting group of terms?
C. Unitary Transformations
To use more e cient partitioning to groups of fully com-
muting terms and keep the same single-qubit measurement
protocol we introduce extra unitary transformations {Uˆn}
that transform each fully commuting group Hˆn into a
QWC group, A UˆnHˆ Uˆ
†
n. Note that Aˆn are not neces-
sarily the same QWC operators that appear in the QWC
partitioning of Hˆq. Let us consider partitioning of the Hq
into fully c muting erms for the energy expectation
value on a trial wavefunction | i
E¯ = h | Hˆq | i =
X
n
h | Hˆn | i . (8)
By introducing resolutions of the identity Uˆ †nUˆn we can
rewrite E¯ as
E¯ =
X
n
h | Uˆ†nUˆnHˆnUˆ†nUˆn | i (9)
=
X
n
h | Uˆ†nAˆnUˆn | i (10)
=
X
n
h n| Aˆn | ni , (11)
where we introduced new wavefunctions | ni = Uˆn | i
for which the QWC measurement of the Aˆn group can be
done in a regular manner. Since qubit-wise commutativity
always implies full commutativity, introducing Uˆn does
not change the commutativity property of the Hˆn set.
Therefore, if we define Uˆn and obtain Aˆn groups, we
can do QWC measurements of | ni wavefunctions that
produce the expectation value of energy.
To accomplish this we use somewhat extended idea of
qubit tapering proposed by Braviy et al.15 for Hˆn frag-
ments. Braviy et al. suggested a construction of unitary
transformations applied to the whole qubit Hamiltonian
that make some of the qubit operators to transform to
a single Pauli operator, xˆi, which allows one to substi-
tute them by numbers and thus to remove them from
consideration. For our purpose, we need to substitute all
single-qubit operators within Hˆn to a fixed single Pauli op-
erator, this makes the transformed version of Hˆn to have
only QWC terms. Appendix B details the construction
procedure for Uˆn.
D. Optimal partitioning of the Hamiltonian
Here we will address the question on optimal partition-
ing of the Hamiltonian to fully commu ing terms. This
question is nontrivial because the commutativity relation
is not the equivalence relation the algebrai sense nd
thus does not provide unique non-o erlapping partitio ing
to the equivalence classes. To see this, l t us recall that
for the equivalence r latio ⇠ between elements of any et
{a, b, c, ...} we need to have three conditions: 1) a ⇠ a, 2)
if a ⇠ b then b ⇠ a, and 3) if ⇠ b and b ⇠ c then a ⇠ c.
If these conditions are satisfied the set can be split into
non-overlapping unique subsets whose elements are all
equivalent to each other. Unfortunately, only conditions
1) and 2) are satisfied for the commutativuty relation,
which is not enough for the equivalence relation. Indeed,
it is easy to see on the example [x1, y2] = 0 and [y2, z1] = 0
but that does not lead to [x1, z1] = 0.
Yet, the two conditions that are satisfied for the com-
mutativity relation are enough to represent it as graph
edges between the Pauli words of the Hamiltonian. As a
simple illustration one can consider the following model
Hamiltonian
H = z1z2 + z1z2z3 + z1z2z4
+x3x4 + y1x3x4 + y2x3x4, (12)
2
Here [Pˆ
(n)
I , Pˆ
(n)
J ]qw denotes a qubit-wise commutator of
two Pauli words, it is zero only if all one-qubit opera-
tors in Pˆ
(n)
I commute with their counterparts in Pˆ
(n)
J .
Clearly, if [Pˆ
(n)
I , Pˆ
(n)
J ]qw = 0 then the normal commuta-
tor is [Pˆ
(n)
I , Pˆ
(n)
J ] = 0. The opposite is not true, a simple
example is [xˆ1xˆ2, yˆ1yˆ2] = 0 but [xˆ1xˆ2, yˆ1yˆ2]qw 6= 0.
Partitioning of the Hq in Eq. (4) allows one to measure
all Pauli words within each Aˆn term in a single set of N
one-qubit measurements. For every qubit, it is known
from the form of Aˆn, what Pauli operator needs to be
measured. The advantage of this scheme is that it requires
only single-qubit measurements, which are technically
easier than multi-qubit measurements. The disadvantage
of this scheme is that the Hamiltonian may require to
measure too many Aˆn terms separately.
On the other hand, quantum mechanics allows us to
know certainly expectation values of all mutually commut-
ing operators. Therefore, potentially one can partition
the Hamiltonian into groups of fully commuting terms
Hˆq =
MX
n=1
Hˆn, [Hˆn, Hˆk] 6= 0, if n 6= k (6)
Hˆn =
X
I
C
(n)
I Pˆ
(n)
I , [Pˆ
(n)
I , Pˆ
(n)
J ] = 0, 8I&J. (7)
Clearly, because all QWC terms are also fully commuting
but reverse is not true, the umber f Hˆn groups, M ,
will be smaller than that of Aˆn, K. Moreover, Appendix
A shows that the ratio between the umbers of Pauli
words that commute and qubit-wise commute with an
average Pauli word gr s exponentially with the umber
of qubits. Two questions arise: 1) Is it possi le to use
the partitioning to fully comm ting group of t ms in
VQE without hardware modification?, and 2) How to
find the optimal partitioning of the Hamiltonian to fully
commuting group of terms?
C. Unitary Transformations
To use more e cient partitioning to groups of fully com-
muting terms and keep the same single-qubit measurement
protocol we introduce extra unitary transformations {Uˆn}
that transform each fully commuting group Hˆn into a
QWC group, Aˆn = UˆnHˆnUˆ
†
n. Note that A are ot neces-
sarily the same QWC operators that appear in the QWC
partitioning of Hˆq. Let us consider partitio ing of the Hq
into fully commuting terms for the energy expectation
value on a trial wavefunction | i = Uˆ |0¯i
E¯ = h | Hˆq | i =
X
n
h | Hˆn | i . (8)
By introducing resolutions of the identity Uˆ †nUˆn we can
rewrite E¯ as
E¯ =
X
n
h | Uˆ†nUˆnHˆnUˆ†nUˆn | i (9)
=
X
n
h | Uˆ†nAˆnUˆn | i (10)
=
X
n
h n| Aˆn | ni , (11)
where we introduced new wavefunctions | ni = Uˆn | i
for which the QWC measurement of the Aˆn group can be
done in a regular manner. Since qubit-wise commutativity
always implies full commutativity, introducing Uˆn does
not change the commutativity property of the Hˆn set.
Therefore, if we define Uˆn and obtain Aˆn groups, we
can do QWC measurements of | ni wavefunctions that
produce the expectation value of energy (Fig. ??).
To accomplish this we use somewhat extended idea of
qubit tapering proposed by Braviy et al.15 for Hˆn frag-
ments. Braviy et al. suggested a construction of unitary
transformations applied to the whole qubit Hamiltonian
that make some of the qubit operators to transform to
a single Pauli operator, xˆi, which allows one to substi-
tute them by numbers and thus to remove them from
consideration. For our purpose, we need to substitute all
single-qubit operators within Hˆn to a fixed single Pauli op-
erator, this makes the transformed version of Hˆn to have
only QWC terms. Appendix B details the construction
procedure for Uˆn.
D. Opti al partitioning of the Hamiltonian
Here we will address the question on optimal partition-
i g of th Hamiltonian to fully commuting terms. This
estion is nontrivial because the commutativity relati
is n t the equival ce relation in the algebraic sense and
thus does not provid unique non-overlapping par itio ing
to the equivalence classes. To se this, let us recall that
for the equi lenc relati n ⇠ between lements of ny set
{a, b, c, ...} we need to have thre conditions: 1) a ⇠ a, 2)
if a ⇠ b then b ⇠ a, and 3) i a ⇠ b and b ⇠ c then a ⇠ c.
If these c nditions are satisfied th set can be split into
non-overlapping unique subs ts whos elements are ll
equivalent to each o r. Unfor unately, only conditions
1) and 2) are satisfied fo the commutativ ty relation,
which is not enough for the equivalence relation. In eed,
it is easy to see on the example [x1, y2] = 0 and [y2, z1] = 0
but that does not lead to [x1, z1] = 0.
Yet, the two conditions that are satisfied for the com-
mutativity relation are enough to represent it as graph
edges between the Pauli words of the Hamiltonian. As a
simple illustration one can consider the following model
Hamiltonian
H = z1z2 + z1z2z3 + z1z2z4
+x3x4 + y1x3x4 + y2x3x4, (12)Quantum  
Computer
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Here [Pˆ
(n)
I , Pˆ
(n)
J ]qw denotes a qubit-wise commutator of
two Pauli words, it is zero only if all one-qubit opera-
tors in Pˆ
(n)
I commute with their counterparts in Pˆ
(n)
J .
Clearly, if [Pˆ
(n)
I , Pˆ
(n)
J ]qw = 0 then the normal commuta-
tor is [Pˆ
(n)
I , Pˆ
(n)
J ] = 0. The opposite is not true, a imple
example is [xˆ1xˆ2, yˆ1yˆ2] = 0 but [xˆ1xˆ , yˆ1yˆ2]qw 6= 0.
Partitioning of the Hq in Eq. (4) allows one to measure
all Pauli words within each Aˆn term in a single set of N
one-qubit measurements. For every qubit, it is known
from the form of Aˆn, what Pauli operator needs to be
measured. The advantage of this scheme is that it requires
only single-qubit measurements, which are technically
easier than multi-qubit measurements. The disadvantage
of this scheme is that the Hamiltonian may require to
measure too many Aˆn terms separately.
On the other ha d, quantum mechanics allows us to
know certainly expectation values of all mutually com ut-
ing operators. Therefore, potentially one can partition
the Hamiltonian into groups of fully commuting terms
Hˆq =
MX
n=1
Hˆn, [Hˆn, Hˆk] 6= 0, if n 6= k (6)
Hˆn =
X
I
C
(n)
I Pˆ
(n)
I , [Pˆ
(n)
I , Pˆ
(n)
J ] = 0, 8I&J. (7)
Clearly, because all QWC terms are also fu y commuting
but reverse is not true, the numbe of Hˆn groups, M ,
will be smaller than that of Aˆn, K. Moreover, Appendix
A shows that the ratio between the numbers of Pauli
words that commute and qubit-wise commut with a
average Pauli word grows exponentially with the number
of qubits. Two questions arise: 1) Is it possible to use
the partitioning to fully commuting group f terms in
VQE without hardware modification?, and 2) How to
find the optimal partitioning of the Hamiltonian to fully
commuting group of terms?
C. Unitary Transformations
To use more e cient partitioning to groups of fully com-
muting terms and keep the same single-qubit measure ent
protocol we introduce extra unitary transformations {Uˆn}
that transform each fully commuting group Hˆn into a
QWC group, Aˆn = UˆnHˆnUˆ
†
n. Note that Aˆn are not neces-
sarily the same QWC operators that appear in t e QWC
partitioning of Hˆq. Let us consider partitioning of the Hq
into fully commuting terms for the energy expectation
value on a trial wavefunction | i = Uˆ |0¯i
E¯ = h | Hˆq | i =
X
n
h | Hˆn | i . (8)
By introducing resolutions of the identity Uˆ †nUˆn we can
rewrite E¯ as
E¯ =
X
n
h | Uˆ†nUˆnHˆnUˆ†nUˆn | i (9)
=
X
n
h | Uˆ†nAˆnUˆ | i (10)
=
X
n
h n| Aˆn | ni , (11)
where we introduced new wavefunctions | ni = Uˆn | i
for which the QWC measurement of the Aˆn group can be
done in a regular anner. Since qubit-wise commutativity
always implies full commutativity, introducing Uˆn does
not change the commutativity property of the Hˆn set.
Therefore, if we define Uˆn and obtain Aˆn groups, we
can do QWC mea urements of | ni wavefunctions that
produce the expectation valu of energy (Fig ??).
To acco pli h this we use somewh t ex ended idea of
qubit tapering proposed by Braviy et al.15 for ˆn frag-
ments. Braviy et al. suggested a construction of unitary
transformations applied to the whole qubi Hamil onian
that make some of the qub t operators to transform to
a single Pauli operator, xˆi, hich allows one to substi-
tute them by nu bers and hu to remove them fr m
consideration. For our purpos , we need to substitute all
singl -qubit operators within Hˆn to a fixed single Pauli op-
era or, is makes the tr nsformed version of Hˆn to have
only QWC terms. Appendix B details the construction
procedure for Uˆn.
D. Optimal partitioning of th Ha iltonian
Here e will address the question on optimal partition-
ing of the Hamiltonian to fully com uti g ter . This
question is nontrivial because th commutat vity relat on
is not the equivalence relation in the algebraic sense and
thus does not provide unique non-overlapping partitioning
to the equivalence classes. To see this, let us recall that
for the equivalence relation ⇠ between elements of an set
{a, b, c, ...} we need to have thr e condit o s: 1) a ⇠ a, 2)
if a ⇠ b then b ⇠ a, and 3 if a ⇠ b and b ⇠ c then a ⇠ c.
If these conditions are satisfied the set can be split into
non-overlapping unique subsets whose elements are all
equivalent to each other. Unfortunately, only conditions
1) and 2) are satisfied for the commutativuty relatio ,
which is ot enough for the equivalence relation. I deed,
it is e sy to see on the example [x1, y2] = 0 and [y2, z1] = 0
but that d es ot lead to [x1, z1] = 0.
Yet, the two conditions that are satisfied for the com-
mutativity relation are enough to represent it as graph
edges between the Pauli words of the Hamiltonian. As a
simple illus ration one can consid r the following model
Ha il onian
H = z1z2 + z1z2z3 + z1z2z4
+x3x4 + y1x3x4 + y2x3x4, (12)
2
Here [Pˆ
(n)
I , Pˆ
(n)
J ]qw denotes a qubit-wise commutator of
two Pauli words, it is zero only if all one-qubit opera-
tors in Pˆ
(n)
I commute with their counterparts in Pˆ
(n)
J .
Clearly, if [Pˆ
(n)
I , Pˆ
(n)
J ]qw = 0 then the n rmal commuta-
tor is [Pˆ
(n)
I , Pˆ
(n)
J ] = 0. The opposite is not true, a simple
example is [x1xˆ2, yˆ1yˆ2] = 0 but [x1xˆ2, y1y2]qw 6= 0.
Partitioning of the Hq in Eq. (4) allows one to measure
all Pauli words within each Aˆn term in a single set of N
one-qubit asurements. For every qubit, it is known
from the form of Aˆn, what Pauli op rator needs to b
measure . The advantage of this cheme is that it requires
only single-qubit asurements, which are technically
easier than multi-qubit asurements. The disadvantage
of this scheme is that the Hamiltonian may r quire to
measure too many Aˆn terms separately.
On the other h d, quantum mechanics allows us to
know c rtainly expectation v ues of mutually commut-
ing operato s. Therefore, potentially one can partition
the H miltonian into groups of fully commuting terms
Hˆq =
MX
n=1
Hˆn, [Hˆn, Hˆk] 6= 0, if n 6= k (6)
Hˆn =
X
I
C
(n)
I Pˆ
(n)
I , [Pˆ
(n)
I , Pˆ
(n)
J ] = 0, 8I&J. (7)
Cle rly, because all QWC terms are als fully c mmuting
but reverse is no true, th number of Hˆn groups, M ,
will be smaller than that of Aˆn, K. Moreover, Appendix
A shows th the ratio between th numbers of Pauli
words that commu e and qubit-wise commute with n
average Pauli word gr ws exponen ially with the number
of qubits. Tw questions aris : 1) Is it possible to use
the parti ioning to fully co muting group of terms in
VQE without hardware m dific tion?, and 2) How to
find the optimal partitioni g of the H miltonian to fully
commuting group of terms?
C. Unitary Transformations
To use more e cient partitioning to groups f fully com-
muting terms and keep the same single-qub t asurement
protocol we introduce ext a unitary tr nsformations {Uˆn}
that transform each fully commuting group Hˆn into a
QWC group, Aˆn = UˆnHˆnUˆ
†
n. Note that Aˆ are not neces-
sarily the same QWC oper ors that appear in the QWC
partitioning of Hˆq. Let us conside parti ioning of the Hq
into fully commuting terms f r the energy expecta ion
v lue on a trial wavefunction | = Uˆ |0¯i
E¯ = h | Hˆq | i =
X
n
h | Hˆn | i . (8)
By introducing re olutions of he identity Uˆ †nUˆn we can
rewrite E¯ as
E¯ =
n
h | Uˆ†nUˆnHˆnUˆ†nUˆn | i (9)
n
h | Uˆ†nA Uˆn | i (10)
=
n
h | Aˆn | ni , (11)
where we introduced new wavefunctions | ni = Uˆn | i
for wh ch the QWC asurement of the Aˆn group can be
done in a regula ma ner. S nce qubit-wise commutativity
alway impli s full com utativity, introducing Uˆn does
ot c ange the commutativity property of the Hˆn set.
Therefore, if we define Uˆn nd obtain Aˆn groups, we
an do QWC asurements of | ni wavefunctions that
produce the ex ectation value of energy (Fig. ??).
To accomplish this we use somewhat extended idea of
qubit tapering proposed b Br viy et al.15 for Hˆn frag-
ments. Braviy et al. suggested a construction of unitary
tr nsformations appli d to the whol it H miltonian
that ake some of the qubit erators t transform to
a ingle Pauli ope ator, xˆi, which allows one t substi-
tute the y numbers and thus to rem ve t em from
considerati n. Fo ou purpos , we need to substitute all
singl -qubit operators within Hˆn to a fixed single Pauli op-
erat , this akes the transfo med version of Hˆn to have
only QWC terms. Appe dix B d tails the co struction
procedure for Uˆn.
D. O timal partitioning of the Hamiltonian
Here w will address he estion on optimal partition-
ing of the H mil oni n t fully com uting terms. This
question is nontrivial b caus th ommut ti ity relation
is n t the equivalence relation in the algebraic sense and
thus does not provide u iqu non-overlapping partitioning
to the equivalence clas s. To see this, let us recall that
for the equivalence relation ⇠ between el ment of any set
{a, b, c, ...} w need o hav three conditio s: 1) ⇠ a, 2)
if a ⇠ b then b ⇠ a, and 3) if a ⇠ b and b ⇠ c then a ⇠ c.
If these conditions are atisfi d t e s can be split into
non-overlapping unique subsets whose elements are all
equivalent to each other. Unfortunately, only conditions
1 nd 2) ar satisfied f r the commuta ivuty relation,
which is ot enough for the equivalence relation. Indeed,
i is as to se o the e ample [x1, y2] = 0 and [y2, z1] = 0
but that does not lead to [x1, z1] = 0.
Yet, the two conditions that are satisfied f r the com-
mutativ ty relation are enough to re resent it as graph
edges between the Pauli words of the H miltonian. As a
simple llustration one can consider the following model
H miltonian
H = z1z2 + z1z2z3 + z1z2z4
+x3x4 + y1x3x4 + y2x3x4, (12)
2
Here [Pˆ
(n)
I , Pˆ
(n)
J ]qw denotes a qubit-wise commut tor of
two Pauli words, it is zero only if all one-qubit pera-
tors in Pˆ
(n)
I commute with their counterparts in Pˆ
(n)
J .
Clearly, if [Pˆ
(n)
I , Pˆ
(n)
J ]qw = 0 then the normal commuta-
tor is [Pˆ
(n)
I , Pˆ
(n)
J ] = 0. The opposite is not true, a simple
example is [xˆ1xˆ2, yˆ1yˆ2] = 0 but [xˆ1xˆ2, yˆ1yˆ2]qw 6= 0.
Partitioning of the Hq in Eq. (4) allows one to measure
all Pauli words within each Aˆn term in a single set of N
one-qubit measurements. For every qubit, it is known
from the form of Aˆn, what Pauli operator needs to be
measured. The advantage of this scheme is that it requires
only single-qubit measurements, which are technically
easier than multi-qubit measurements. The disadvantage
of this scheme is that the Hamiltonian may require to
measure too many Aˆn terms separately.
On the other hand, quantum mechanics allows us to
know certainly expectation values of all mutually commut-
ing operators. Therefore, potentially one can partition
the Hamiltonian into groups of fully commuting terms
Hˆq =
MX
n=1
Hˆn, [Hˆn, Hˆk] 6= 0, if n 6= k (6)
Hˆn =
X
I
C
(n)
I Pˆ
(n)
I , [Pˆ
(n)
I , Pˆ
(n)
J ] = 0, 8I&J. (7)
Clearly, because all QWC terms are also fully commuting
but reverse is not true, the number of Hˆn groups, M ,
will be smaller than that of Aˆn, K. Moreover, Appendix
A shows that the ratio between the numbers of Pauli
words that commute and qubit-wise commute with an
average Pauli word grows exponentially with the number
of qubits. Two questions arise: 1) Is it possible to use
the partitioning to fully commuting group of terms in
VQE without hardware modification?, and 2) How to
find the optimal partitioning of the Hamiltonian to fully
commuting group of terms?
C. Unitary Transformations
To use more e cient partitioning to groups of fully com-
muting terms and keep the same single-qubit measurement
protocol we introduce extra unitary transformations {Uˆn}
that transform each fully commuting group Hˆn into a
QWC group, Aˆn = UˆnHˆnUˆ
†
n. Note that Aˆn are not neces-
sarily the same QWC operators that appear in the QWC
partitioning of Hˆq. Let us consider partitioning of the Hq
into fully commuting terms for the energy expectation
value on a trial wavefunction | i = Uˆ |0¯i
E¯ = h | Hˆq | i =
X
n
h | Hˆn | i . (8)
By introducing resolutions of the identity Uˆ †nUˆn we can
rewrite E¯ as
E¯ =
X
n
h | Uˆ†nUˆnHˆnUˆ†nUˆn | i (9)X
n
h | Uˆ†nAˆnUˆn | i (10)
=
X
n
h n| ˆn | ni , (11)
where we introduced new wavefunctions | ni = Uˆn | i
for whic the QWC me surement of the Aˆn group can be
done in a regular manner. Since qubit-wise commutativity
always implies full commu tivity, introducing Uˆn does
not change the commutativity property of the Hˆn set.
Therefore, if we define Uˆn and obtain Aˆn groups, we
can do QWC measurements of | ni wavefunctions that
produce the expectation value of energy (Fig. ??).
To accomplish this we us o ewhat extended idea of
qubit tapering proposed by Braviy et al.15 for Hˆn frag-
ments. Braviy et al. sug sted a construction of unitary
transformations applied to the whole qubit Hamiltonian
that make some of the qubit operators to transform to
a single Pauli operator, xˆi, which allows one to substi-
tute them by numbers and thus to remove them from
consideration. For our purpose, we need to substitute all
single-qubit operators within Hˆn to a fixed single Pauli op-
erator, this makes the transformed version of Hˆn to have
only QWC terms. Appendix B details the construction
procedure for Uˆn.
D. Optimal partitioning of the Hamiltonian
Here we will address the question on optimal partition-
ing of the Hamiltonian to fully commuting terms. This
question is nontrivial because the commutativity relation
is not the equivalence relation in the algebraic sense and
thus does not provide unique non-overlapping partitioning
to the equivalence classes. To see this, let us recall that
for the equivalence relation ⇠ between elements of any set
{a, b, c, ...} we need to have three conditions: 1) a ⇠ a, 2)
if a ⇠ b then b ⇠ a, and 3) if a ⇠ b and b ⇠ c then a ⇠ c.
If these conditions are satisfied the set can be split into
non-overlapping unique subsets whose elements are all
equivalent to each other. Unfortunately, only conditions
1) and 2) are satisfied for the commutativuty relation,
which is not enough for the equivalence relation. Indeed,
it is easy to see on the example [x1, y2] = 0 and [y2, z1] = 0
but that does not lead to [x1, z1] = 0.
Yet, the two conditions that are satisfied for the com-
mutativity relation are enough to represent it as graph
edges between the Pauli words of the Hamiltonian. As a
simple illustration one can consider the following model
Hamiltonian
H = z1z2 + z1z2z3 + z1z2z4
+x3x4 + y1x3x4 + y2x3x4, (12)
2
Here [Pˆ
(n)
I , Pˆ
(n)
J ]qw denotes a qubit-wise commutator of
two Pauli words, it is zero only if all one-qubit opera-
tors in Pˆ
(n)
I commute with their counterparts in Pˆ
(n)
J .
Clearly, if [Pˆ
(n)
I , Pˆ
(n)
J ]qw = 0 then the normal commuta-
tor is [Pˆ
(n)
I , Pˆ
(n)
J ] = 0. The opposite is not true, a simple
example is [xˆ1xˆ2, yˆ1yˆ2] = 0 but [xˆ1xˆ2, yˆ1yˆ2]qw 6= 0.
Partitioning of the Hq in Eq. (4) all ws one to measure
all Pauli words within each Aˆn term in a single set of N
one-qubit measurements. For every qubit, it is known
from the form of Aˆn, what Pauli operator needs to be
measured. The advantage of this scheme is that it requires
only single-qubit measurements, which are technically
easier than multi-qubit measurements. The disadvantage
of this scheme is that the Hamiltonian may require to
measure too many Aˆn terms separately.
On the other hand, quantum mechanics allows us to
know certainly expectation values of all mutually commut-
ing operators. Therefore, potentially one can partition
the Hamiltonian into groups of fully commuting terms
Hˆq =
MX
n=1
Hˆn, [Hˆn, Hˆk] 6= 0, if n 6= k (6)
Hˆn =
X
I
C
(n)
I Pˆ
(n)
I , [Pˆ
(n)
I , Pˆ
(n)
J ] = 0, 8I&J. (7)
Clearly, because all QWC terms are also fully commuting
but reverse is not true, the number of Hˆn groups, M ,
will be smaller than that of Aˆn, K. Moreover, Appendix
A shows that the ratio between the numbers of Pauli
words that commute and qubit-wise commute with an
average Pauli word grows exponentially with the number
of qubits. Two questions arise: 1) Is it possible to use
the partitioning to fully commuting group of terms in
VQE without hardware modification?, and 2) How to
find the optimal partitioning of the Hamiltonian to fully
commuting group of terms?
C. Unitary Transformations
To use more e cient partitioning to groups of fully com-
muting terms and keep the s me single-qubit measurement
protocol we introduce extra unitary transformations {Uˆn}
that transform each fully commuting group Hˆn into
QWC group, Aˆn = UˆnHˆnUˆ
†
n. Note that Aˆn are not neces-
sarily the same QWC operators that appear in the QWC
partitioning of Hˆq. Let us consider partitioning of the Hq
into fully commuting terms for the energy expecta ion
value on a trial wavefunction | i = Uˆ |0¯i
E¯ = h | Hˆq | i =
X
n
h | Hˆn | i . (8)
By introd cing r solu ons of the identity Uˆ †Uˆn we can
rewrite E¯ s
E¯ =
X
n
h | Uˆ†nUˆnHˆnUˆ†nUˆn | i (9)
=
X
n
h | Uˆ†nAˆnUˆn | i (10)
=
X
n
h n| Aˆn | ni , (11)
where we introduced new wavefunctions | ni = Uˆn | i
for w ich the QWC measurement of the Aˆn group can be
do e in a regular manner. Since qubit-wise commutativity
always implies full commutativity, introducing Uˆn does
not change the commutativity property of the Hˆn set.
Therefore, if we define ˆ nd obtain Aˆn groups, we
can do QWC measur ents of | ni wavefunctions that
produce the expectation value of energy (Fig. ??).
To ac o plish thi we use somewhat extended idea of
qubit tapering proposed by Br viy et al.15 for Hˆn frag-
ments. Braviy et al. suggested a construction of u itary
transformations applied to the whole qubit Hamiltonian
that make some of the qubit operators to transform to
a single Pauli operator, xˆi, which allows one to substi-
tute them by numbers and thus to remove them from
consideration. For our purpose, we need to substitute all
single-qubit operators within Hˆn to a fixed single Pauli op-
erator, this makes the transformed version of Hˆn to have
only QWC terms. Appendix B details the construction
procedure for Uˆn.
D. Optimal partitioning of the Hamiltonian
Here we will address the question on optimal partition-
ing of the Hamiltonian to fully commuting terms. This
question is nontrivial because the commutativity relation
is not the equivalence relation in the algebraic sense and
thus does not provide unique non-overlapping partitioning
to the equivalence classes. To see this, let us recall that
for the equivalence relation ⇠ between elements of any set
{a, b, c, ...} we need to have three conditions: 1) a ⇠ a, 2)
if a ⇠ b then b ⇠ a, and 3) if a ⇠ b and b ⇠ c then a ⇠ c.
If these conditions are satisfied the set can be split into
non-overlapping unique subsets whose elements are all
equivalent to each other. Unfortunately, only conditions
1) and 2) are satisfied for the commutativuty relation,
which is not enough for the equivalence relation. Indeed,
it is easy to see on the example [x1, y2] = 0 and [y2, z1] = 0
but that does not lead to [x1, z1] = 0.
Yet, the two conditions that are satisfied for the com-
mutativity relation are enough to represent it as graph
edges between the Pauli words of the Hamiltonian. As a
simple illustration one can consider the following model
Hamiltonian
H = z1z2 + z1z2z3 + z1z2z4
+x3x4 + y1x3x4 + y2x3x4, (12)
7
|q3i
|q2i Rx(⇡2 )
|q1i
|q0i H
Figure 2. Circuit ill strating the easurement of t e term  z3 
y
2 
z
1 
x
0
in the Z basis. We must applyH or Rx( ⇡2 ) gates (or equivalent) to
change basis when measuring Pauli-Y and Pauli-X operations.
state,asdescribedin[31]. Inthiscase,theindexesoftheex-
citation operators inEq. (7) run over th  set of all possible
spin-orbitals.
C. Energy measurement
Once the state preparation has been perform d, the next
s ep in the VQE algorithm is the calculati n of the obj c-
tive function that corr sponds to he energy measurement
E = h 0|e (T T †)HeT T † | 0i. To avoid performing phase
estimation, which has a prohibitively large circuit depth for
current and near-future quantum devices, we employ the
Hamiltonian averaging procedure, introduced in [31, 35]. In
this case the energy is calculated by measuring the expecta-
tion value of every term in the Hamiltonian and adding them
to obtain the total energy:
E =
MX
i
hihOii (29)
where every Hamiltonian term, Oi, comprises of a tensor
product of Pauli matric s obtain d from the JW or the BK
transformatio s, multiplied by the cor esponding Hamiltonian
coefficient, hi. The expectation value of a string of Pau i ma-
trices, can be measured as illustrated in Figure 2 using projec-
tive measurements.
We can estimate the number of measurements required to
converge the total energy to a precision ✏ following a frequen-
tist approach, as shown in [32]. Assuming each term in the
Hamiltonian is measured mi times, the precision achieved in
each term, ✏i, is given by:
✏2i =
|hi|2Var[hOii]
mi
(30)
where Var[hOii] represents the variance of the expectation
value of the operator Oi, which is upper-bounded by 1 in the
case of Pauli terms. To achieve precision ✏ in the total en-
ergy we can choose ✏2i =
|hi|PM
j |hj |
✏2. Taking into account the
bound in the variances, we can estimate the total number of
measurements,m, as:
m =
PM
j |hj |
PM
i |hi|Var[hOii]
✏2
 (
PM
j |hj |)2
✏2
(31)
D. Parameter optimization
The final step of the VQE algorithm involves the minimiza-
tion of the total energy with respect to the wavefunction pa-
rameters, that in the case of UCC correspond to the cluster
amplitudes, ~t. This is a non-linear optimizat on problem for
which a variety of optimization algorithms has been proposed
[71]. However, we note that in early demonstration of the
VQE algorithm the objective function might exhibit a highly
non-smooth characte due to experimental noisy conditions.
In this scenario, we might expect that direct search algorithms,
which are more robust to noise, have an advantage over opti-
mization methods that rely on gradients [72].
The opti ization performance will also d end on the qu l-
ity of the starting parameters. Fortunately, it is possible to gen-
erate starting guesses for the cluster amplitudes based on clas-
sic quantum chemistry approaches. For instance, classical
CCSD employ the CC amplitudes obtained from second order
Møller-Plesset perturbation theory (MP2) as starting guesses
to solve for the CC equations. The MP2 guess amplitudes are
given by the equations:
tai = 0; t
ab
ij =
hijba   hijab
✏i + ✏j   ✏a   ✏b (32)
where ✏p stands for the Hartree-Fock energy of the orbital p
and hpqrs represent the two electron integrals (Eq. (4)). This
inf rmation is obtained directly from the Hartree-Fock calcu-
lation. As the solutions of truncated CC or truncated CI are
also efficient, it is possible to use cluster amplitudes obtained
from methods such as CCSD. One can easily compute both
cluster amplitudes and MP2 amplitudes using modules pro-
vided in OpenFermion [73].
Classical approximations to the cluster amplitudes also
serve as a criteria to reduce the number of parameters in the
optimization. Before starting the VQE optimization, we can
remove from the UCC unitary those excitation operators that
have a small amplitude according to the classical estimate,
as they are likely to also have a small contribution to the fi-
nal wavefunction. Once the first optimization has been com-
pleted, we might include more excitation operators and re-
peat the optimization until a desired convergence threshold
is achieved. The same strategy could be employed during the
optimization process, discarding those operators for which the
cluster amplitudes remain small after certain number of VQE
iterations.
E. Gradient evaluation for UCC
Direct search algorithms can be more robust to noise than
gradient-based approaches, but this generally comes at the
cost of demanding a larger number of function evaluations to
achieve convergence [72]. As the accuracy of quantum com-
puters increases, the possibility of computing energy gradi-
ents in the quantum computer becomes more feasible. One
possibility is to compute the gradient numerically, using for
instance a finite difference formula. In this case, the accuracy
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Here [Pˆ
(n)
I ,
ˆ(n)
J ]qw denotes a qubit-wise commutator of
two Pauli words, it is zero only if all one-qubit opera-
tors in Pˆ
(n)
I commute with their counterparts in Pˆ
(n)
J .
Clearly, if [Pˆ
(n)
I , Pˆ
(n)
J ]qw 0 then the normal commuta-
tor is [Pˆ
(n)
I , Pˆ
(n)
J ] = 0. The opposite is not true, a simple
example is [xˆ1xˆ2, yˆ1yˆ2] = 0 but [xˆ1xˆ2, yˆ1yˆ2]qw 6= 0.
Partitioning of the Hq in Eq. (4) allows one to easure
all Pauli words within each Aˆn term in a single set of N
one-qubit measure ents. For every qubit, it is k own
from the form of Aˆn, wh t Pauli operator needs to be
measured. The advantage of this sch me is t at it requires
only singl -qubit easurements, which are technically
easier than multi-qubit measurements. The disadv ntage
of this schem is that the Hamiltonian may require to
measure too many Aˆn terms separately.
On the oth r hand, qu ntum mechanics allows us to
know certainly expectation valu s of all mutually commut-
ing operators. Therefore, potentially one can par tion
the Hamiltonian into groups of fully commuting terms
Hˆq =
MX
n=1
Hˆn, [Hˆn, Hˆk] 6= 0, if n 6= k (6)
Hˆn =
X
I
C
(n)
I Pˆ
(n)
I , [Pˆ
(n)
I , Pˆ
(n)
J ] = 0, 8I&J. (7)
Clearly, because all QWC erms ar also fully commuting
but reverse is not t ue, the number of Hˆn g oups M ,
will be smaller than that of Aˆn, K. Moreov r, App ndix
A shows that the ratio between the numbers of Pauli
words that commute an qubit-wise commute with an
average Pa li word grows xp entially with the num er
of qubits. Two questions arise: 1) Is it possible to us
the partitioning to fully commuting group of terms in
VQE without hardw re modification?, and 2) How to
find the optimal partitioning of the Hamiltonian to fully
commuting group of terms?
C. Unitary Transformations
To use more e cient partitioning o groups of fully com-
muting terms and keep the same single-qubi measurement
protocol we introduce extra unitary transformations {Uˆn}
that transform each fully commuting group H into a
QWC group, Aˆn = UˆnHˆnUˆ
†
n. Note that Aˆn re not neces-
sarily the same QWC operators that appear in the QWC
partitio ing of Hˆq. Let s consider parti ioning of the Hq
into fully commu ing terms for the energy expectation
value on a trial wavefunction | i = Uˆ |0¯i
E¯ = h | Hˆq | i =
X
n
h | Hˆn | i . (8)
By int oducing re olutions of the iden ity Uˆ †nUˆn w c n
rewrite E¯ s
E¯ =
X
n
h | Uˆ†nUˆ HˆnUˆ†nUˆn | i (9)
=
X
n
h | Uˆ†nAnUˆn | i (10)
=
X
n
h n| Aˆn | ni = An, (11)
where we introduc d new wavefunctions | ni = Uˆn | i
for which the QWC measurement of the Aˆn group can be
done in a regular manner. Since q bi -wise commutativity
always implies full commutativi y, introducing Uˆn does
not change the co mutativity property of the Hˆn set.
Therefore, if we defin Uˆn and obtain Aˆn groups, we
can do QWC measurements of | ni wavefu ctions that
produce the expectatio value of nergy (Fig. ??).
To accomplish this we use somewhat ext nded idea of
qubit tapering proposed by Braviy et al.15 for Hˆn frag-
ments. Braviy et al. suggest a construction of unitary
transformations applied to the whole qubi Hamil onian
hat m ke s me of the qubit opera ors t tran f m to
a single Pauli operat r, xˆi, which allows on t substi-
tute them by numbers and th s to remov them from
consideration. For ur purpose, we need to substitute all
single-qubit operators within Hˆn to a fixe single Pauli op-
erator, this makes he transforme version of Hˆn to have
only QWC terms. Appendix B details the construction
procedure for Uˆn.
D. Optimal partitioning of the Hamiltonian
Here we will address he question on opti al partition-
ing of the Hamiltonian to fully commuting terms. This
question is nontrivial because the commutativity elatio
is not t e equivalence relation n the algebraic se se nd
thus does not provide unique non-overlapping par itioning
to the equival nce c ass s. To see this, let us recall that
for the equivalence r lation ⇠ between elements f any set
{a, b, c, ...} we ne d to have three conditions: 1) a ⇠ a, 2)
if a ⇠ b then b ⇠ a, and 3) if a ⇠ b and b ⇠ c the a ⇠ c.
If these conditions are satisfied the set can be split into
non-ov rlapping unique subsets wh se elements are all
equivalent to each other. Unfortunately, only conditions
1) and 2) are satisfied f r the commut tivuty relation,
which is not nough f r t e quival nce relation. Indeed,
it is y to see on the example [x1, y2] = 0 and [y2, z1] = 0
but that does no lead to [x1, z1] = 0.
Yet, e two conditi ns that are satisfied for the com-
mutativity rela ion are enough t repr sent it as graph
edges betwe n the Pauli words of the Hamiltonian. As a
simple illustration one can consider the following model
Hamiltonian
H = z1z2 + z1z2z3 z1z2z4
+x3x4 + y1x3x4 + y2x3x4, (12)
2
Here [Pˆ
(n)
I , Pˆ
(n)
J ]qw denotes a qubit-wise com utator of
two Pauli words, it is zero ly if all one-qubit opera-
tors in Pˆ
( )
I commute with their counterparts in Pˆ
(n)
J .
Clearly, if [Pˆ
(n)
I , Pˆ
(n)
J ]qw = 0 then the normal commuta-
tor is [Pˆ
(n)
I , Pˆ
(n)
J ] = 0. The opposite is not true, a simple
example is [xˆ1xˆ2, yˆ1yˆ2] = 0 but [xˆ1xˆ2, yˆ1yˆ2]qw 6= 0.
Partitioning of the Hq in Eq. (4) allows one to measure
all Pauli words within each Aˆn term in a single set of N
on -qubi measurements. For every qubit, it is known
from the form of Aˆn, what P uli operator needs to be
measured. The advantage of this scheme is that it requires
only single-qubit measurements, which are technically
easier than multi-qubit measurements. The disadvant ge
of this scheme is that the Hamiltonian may require to
measure too many Aˆn terms separately.
On the other hand, quantum mechanics allows us to
know certain expectation values of all mutually commut-
ing operators. Therefore, potentially one can partition
the Hamilto ian into groups of fully commuti g te s
Hˆq =
MX
n=1
Hˆn, [Hˆn, Hˆk] 6= 0, if n 6= k (6)
Hˆn =
X
I
C
(n)
I Pˆ
(n)
I , [Pˆ
(n)
I , Pˆ
(n)
J ] = 0, 8I&J. (7)
Clearly, because all QWC t rm are also fully commuting
but eve se i not true, the number of Hˆn groups, M ,
ill be smaller than that of Aˆn, K. Moreover, Appendix
A shows that the ratio between the numbers of Pauli
words that commute and qubi -wise commute with an
average Pauli word grows exponentially with e number
of qubits. Two questions arise: 1) Is it possible to se
the partitioning to fully commuting group of terms in
VQE without hardware modification?, and 2) How to
find the optimal partitioning of the Hamiltonian to fully
commuting group of terms?
C. Unitary Transformations
To se ore e cient partitioning to gr ups of fully com-
muting terms and keep the same single-qubit measureme t
protocol we introduce extra unitary transformation {Uˆn}
that transform each fully commuting group Hˆn into a
QWC group, Aˆn = UˆnHˆnUˆ
†
n. Note that Aˆn are not neces-
sarily the same QWC operators that appear in the QWC
partitio ing of Hˆq. Let us co sider partitioning of the Hq
into fully c mmuting terms for the energy expectation
value on a trial wavefunction | i = Uˆ |0¯i
E¯ = h | Hˆq | i =
X
n
h | Hˆn | i . (8)
By introducing resolutions of he identity Uˆ †nUˆn we can
rewrite E¯ as
E¯ =
X
h | Uˆ†nUˆnHˆ Uˆ†nUˆn | i (9)
=
X
n
h | Uˆ†nAˆnUˆn | i (10)
=
X
n
h n| Aˆ | ni = An, (11)
where we introduced new wavefunctions | ni = Uˆn | i
for which the QWC measurement f the Aˆn group can be
done in a regular manner. Sinc qubit-wise commutativity
always mplies full c mutativit , i tro ucing Uˆn does
ot change he co mutativity prope ty of the Hˆn set.
Therefore, if we define Uˆn and obtain Aˆn groups, we
can do QWC measurements of | ni wavefunctions that
duce the expectation value of energy (Fig. ??).
To ccomplish this we u e somewhat ex ended idea of
qubit tap ring proposed by Braviy et al.15 for Hˆn frag-
me ts. Braviy et al. suggested a construction of unitary
transformations appl ed to th whole qubit Hami tonian
that make some of he qubit operators to transform to
a single Pauli operator, xˆi, which allows one to substi-
tute them by numbers and thus to remove them from
consid ration. For our purpose, we need to subs itute all
single-qubit operators within Hˆn to a fixed single Pauli op-
erator, this makes the transformed version of Hˆn to have
only QWC terms. Appendix B details the construction
procedure for Uˆn.
D. Optimal partitioning of the Hamiltonian
Here we will address the question on optimal partition-
ing of the Hamiltonian to fully commuting terms. This
question is ontrivial because the commuta ivity relation
is not the quivalence rela ion in the alg braic sense and
thus does not provide unique non-overlapping partitioning
to the equivalence classes. To see this, let us recall that
for the equivalence r lation ⇠ between elements of any set
{a, b, c, ...} we need to have thr e conditions: 1) a ⇠ a, 2)
if a ⇠ b then b ⇠ a, and 3) if a ⇠ b and b ⇠ c then a ⇠ c.
If these conditions are satisfied the set can be split into
non-overlapping unique subsets whose elements are all
equivalent to each oth r. Unfo tunately, only conditions
1) and 2) are satisfied for the commutativuty relation,
which is not enough for the equivalence relation. Indeed,
it is easy t see on the example [x1, y2] = 0 and [y2, z1] = 0
but that does not le d to [x1, z1] = 0.
Yet, the two conditions that are satisfied for the com-
mutativity relation are enou h to rep esent it as graph
dges between the Pauli w rd of the Hami ton an. As a
simple illustration e can consider the following model
Hamiltonian
H = z1z2 + z1z2z3 + z1z2z4
+x3x4 + y1x3x4 + y2x3x4, (12)
2
Here [Pˆ
(n)
I , Pˆ
(n)
J ]qw denotes a qubit-wise commutator of
t o Pauli words, it is zero only if all one-qubit op ra-
tors in Pˆ
(n)
I commute with their counterparts in Pˆ
(n)
J .
Clearly, if [Pˆ
(n)
I , Pˆ
(n)
J ]qw = 0 then the normal commuta-
tor is [Pˆ
(n)
I , Pˆ
(n)
J ] = 0. The opposite is not true, a simpl
example is [xˆ1xˆ2, yˆ1yˆ2] = 0 but [xˆ1xˆ2, yˆ1yˆ2]qw 6= 0.
Partitioning of the Hq in Eq. (4) allows one to measure
all Pauli words within each Aˆn term in a single se of N
one-qubit measurements. For every qubit, it is known
from the form of Aˆn, what Pauli opera or needs to be
measured. The advantage of this scheme is that it requires
only single-qubit measurements, which are technically
easier than multi-qubit me surements. The disadvantage
of this scheme is that the Hamiltonian may require to
measure too many Aˆn terms separately.
On the other hand, quantum mechanics allows us to
know certainly expectation values of all mutually commut-
ing operators. Therefore, potentially one can partition
the Hamiltonian into groups of fully commuting ter s
Hˆq =
MX
n=1
Hˆn, [Hˆn, Hˆk] 6= 0, if n 6= k (6)
Hˆn =
X
I
C
(n)
I Pˆ
(n)
I , [Pˆ
(n)
I , Pˆ
(n)
J ] = 0, 8I&J. (7)
Clearly, because all QWC terms are also ful y commuting
but reverse is not true, the number of Hˆn groups, M ,
will be smaller than that of Aˆn, K. Moreover, Appendix
A shows that the ratio between the numbers of Pauli
words that commute and qubit-wise commute with an
average Pauli word grows exponentially with the number
of qubits. Two questions arise: 1) Is it possible to use
the partiti nin to fully commuting group of terms in
VQE without hardware modification?, and 2) How to
find the optimal partitioning of the Hamiltonian to fully
commuting group of terms?
C. Unitary Transformations
To use more e cient partitioning to groups of fully com-
muting terms and keep the same single-qubit measurement
protocol we introduce extra unitary transform tions {Uˆn}
that transform each fully commuting group Hˆn into a
QWC group, Aˆn = UˆnHˆnUˆ
†
n. Note that Aˆn are not neces-
sarily the same QWC operators that appear in the QWC
parti ioning of Hˆq. Let us consider partitio ing of the q
into fully commuting terms for the energy expectati n
value on a trial wavefunction | i = Uˆ |0¯i
E¯ = h | Hˆq | i =
X
n
h | Hˆn | i . (8)
By introducing resolutions of the iden ty Uˆ †nUˆn we can
rewrite E¯ as
E¯
n
h | Uˆ†nUˆnHnU† n | i (9)
= h | Uˆ†nAˆnUˆn | i ( 0)
=
X
n
h  | Aˆn | ni = An, (11)
where we introduced new wavefunctions | ni = Uˆn | i
for which the QWC measurement of the Aˆn group can be
done in a regular manner. Since qubit-wise commutativity
always impli s full commuta ivity, introducing Uˆ d es
not change th commutativity property of the Hˆn set.
Therefore, if we define Uˆn and obtain Aˆn groups, we
can do QWC measurements of | ni wavefunctions that
produce the expectation value of energy (Fig. ??).
T accomplish this we use somewhat extended idea of
qubit tapering proposed by Braviy et al.15 for Hˆn frag-
ments. Braviy et al. suggested a construction of unitary
transformations applied to the w ole qubi Hamiltoni n
that ake some of the qubit operators to transform to
a single Pauli operator, xˆi, which allows one to substi-
tute them by numbers and us to remove them from
consideration. For our purpose, we need to substitute all
single-qubit operators within Hˆn to a fixed single Pauli op-
erator, this makes the tra sformed version of Hˆn to have
only QWC ter s. Appendix B details the construction
procedure for Uˆn.
D. Opti al partitioning of the Hamiltonian
Here we will address the question on optimal partition-
ing of the Hamiltonian to fully commuting terms. This
question is nontrivi l because the commutativity relation
is ot the equivalence relation in th algebraic se se and
thus does not provide unique non-overlapping partitioning
o the equival nce classes. To see this, let us recall that
for the equivalence rel tion ⇠ between elements of any et
{a, b, c, ...} we need to have three conditions: 1) a ⇠ a, 2)
if a ⇠ b then b ⇠ a, and 3) if a ⇠ b and b ⇠ c then a ⇠ c.
If these conditions ar satisfied the s can b split into
non-overlapping u ique subsets w os elements re all
equivalent to each other. Unfortunately, only conditions
1) and 2) are satisfied for the commutativuty relation,
which is not enough for the equivalence relation. Indeed,
it is easy to see on the example [x1, y2] = 0 and [y2, z1] = 0
but that does not le d to [x1, z1] = 0.
Yet, the two conditions that are satisfied for the com-
mutativity r lation are enough o represent it as graph
edges betwe n th Pauli words of the Hamiltonian. As a
simple illustration one can c sider the following model
Hamiltonian
H = z1z2 + z1z2z3 + z1z2z4
+x3x4 + y1x3x4 + y2x3x4, (12)
y1x3x4
y2x3x4
z1z2
z1z2z3
x3x4
z1z2z4
y1x3x4
y2x3x4
z1z2
z1z2z3
x3x4
z1z2z4
y1x3x4
y2x x4
z1z2
z1z2z3
x3x4
z1z2z4
FIG. 2. Graph representation of commuting terms in the
Hamiltonian Eq. (23) (upper panel), minimum clique cover of
the graph (middle panel), non-minimum clique cover of the
graph (lower panel).
Even though the MCC problem is NP-hard, there are
several heuristic algorithms that scale quadratically with
the number of vertices and thus can be easily used for ob-
taining close to optimal solutions. Assessment of several
such h uristic techniques is done in Ref. 19 for Hamilto-
nian g phs based on qubit-wise commutativity. Here, we
will u e he same heuristics as for the QWC grouping, their
descriptions can be found in Ref. 19 and original papers:
Greedy Coloring (GC),27 L rgest First (LF),28 Smallest
Last (SL),29 DSATUR,30 Recursive Largest First (RLF),31
Dutton and Brigham (DB),32 COSINE,33 Ramsey,34 Bron-
Kerb sch-Tomita (BKT).35 All these h uristics xcep
BKT have polynomial computational scaling with respect
to the number of graph vertices.
5TABLE I. The number of qubits (N), Pauli words in the qubit Hamiltonian (Total), QWC groups (MQWC), and commuting
groups produced by different heuristics (see their description in the text) for systems with up to 14 qubits. The STO-3G basis
has been used for all Hamiltonians unless specified otherwise.
Systems N Total MQWC GC LF SL DSATUR RLF DB COSINE Ramsey BKT
H2 (BK) 4 15 3 2 2 2 2 2 2 2 2 2
LiH (Parity) 4 100 25 18 16 15 14 11 10 11 13 9
H2O (6-31G, BK) 6 165 34 12 9 14 9 8 8 11 10 8
BeH2 (BK) 14 666 172 33 32 34 27 29 23 33 38 -
BeH2 (JW) 14 666 203 30 37 36 25 28 24 33 41 -
H2O (BK) 14 1086 308 50 54 55 49 37 33 56 68 -
H2O (JW) 14 1086 322 53 50 56 48 43 33 53 64 -
TABLE II. Comparison of RLF results for BK and JW transformed Hamiltonians: the number of cliques (MC), their maximum
size (Max Size) and standard deviation of their size distribution (STD). The total number of Hamiltonian terms (Total) is
almost everywhere the same for JW and BK; for the last two systems, the JW numbers are in parenthesis.
Systems N Total
BK JW
MC Max Size STD MC Max Size STD
BeH2 / STO-3G 14 666 29 59 12.5 28 62 15.3
H2O / STO-3G 14 1086 37 88 18.4 43 88 16.6
NH3 / STO-3G 16 3609 126 92 15.3 130 98 15.6
N2 / STO-3G 20 2951 68 128 26.0 76 128 25.1
BeH2 / 6-31G 26 9204 168 264 39.8 163 312 46.8
H2O / 6-31G 26 12732 231 192 29.7 235 192 26.3
NH3 / 6-31G 30 52758 (52806) 917 280 30.4 922 238 29.7
N2 / 6-31G 36 34639 (34655) 366 393 63.9 357 377 66.3
6III. NUMERICAL STUDIES AND DISCUSSION
To assess the impact of grouping fully commuting terms
we solve the MCC problem for graphs of qubit Hamil-
tonians constructed for several molecule/basis pairs (see
Tables I and II). Details of generating these Hamiltonians
are given in Supplementary Information.
According to Table I, the deviation between the mini-
mum number of commuting cliques produced by different
heuristics can reach up to 50%. Out of all heuristics the
best results on the first three small Hamiltonians were
produced by BKT, but because of exponential scaling it
is not applicable to Hamiltonians larger than hundred
terms. The next best approach is DB, but already for
the 14-qubit systems it spends two orders of magnitude
longer time than RLF and thus has not been selected to
investigate larger systems. Therefore, as for QWC group-
ing, RLF remains the algorithm of choice, being optimal
in terms of computational time and yielding about 25%
fewer cliques than the next-best heuristics.
Least-square fitting of the fully commuting clique num-
bers for RLF with N in the double logarithmic scale re-
sults in an N2 dependence, which is an N -fold reduction
from the same dependence for the QWC cliques, which is
N3 (Table I). The total number of terms in the studied
Hamiltonians also scales as N3, which is attributed to a
non-negligible contribution of one-electron integral terms
whose scaling is N2. As for maximum clique sizes and
standard deviations of clique size distributions (Table II),
they grow with rates slightly higher and lower than linear
in N , respectively. Separate analysis for the JW and BK
transformations did not reveal any significant differences
between groupings in Hamiltonians obtained with these
transformations.
IV. CONCLUSIONS
We have introduced a new method to reduce the number
of measurements in the VQE approach to the electronic
structure problem. The method is based on partitioning
of the qubit Hamiltonian to the minimum number of
groups whose terms are fully mutually commuting. By
introducing additional unitary transformations each group
can be transformed into a group of QWC terms that can
be measured simultaneously.
The main advantage of the new technique is that it can
reduce the number of simultaneously measurable terms to
largest groups of compatible operators without need for
modification of currently used measuring hardware. For
considered examples of molecular electronic Hamiltonians
the method produces at least N -fold reduction of the
number of measurable groups compared to the previously
used QWC grouping. An additional unitary transforma-
tion for each group introduces into a VQE circuit only 2N
one-qubit gates and N multi-qubit Pauli word exponents
that can be decomposed into product of up to ∼ N1+log2 3
two-qubit gates. Also, since these unitary transformations
modify each Pauli word into another Pauli word they can
be encoded using only Clifford gates on a quantum com-
puter and performed efficiently on a classical computer
according to the Gottesman-Knill theorem.26 Using their
Clifford property, according to Ref. 36, the number of
CNOT gates in circuits of the unitary transformations
can be reduced to O(N2/log(N)).
Another possible application of the proposed technique
is a systematic way to non-local measurements required in
mutually unbiased bases (MUB) quantum state tomogra-
phy (QST).37,38 Generally, there is an exponential growth
of measurements needed in QST, a naive approach would
require 4Nq−1 measurements, while using QWC grouping
would allow for the reduction to 3Nq .39 Introducing MUB
is equivalent to considering fully commuting sets of Pauli
strings, and requires only measurements of 2Nq +1 groups
containing 2Nq − 1 fully commuting Pauli strings.40 How-
ever, it is recognized that MUB-QST is challenging due
to entanglement present in MUB, our unitary transfor-
mations allows one to present each of 2Nq + 1 groups as a
QWC group and thus perform only local measurements.
The idea of introducing unitary transformations that
change some Hamiltonian fragments to sum of QWC
terms without modification of the expectation value can
be taken to the limit where the whole Hamiltonian is
transformed by a single unitary operator to a QWC group,
UˆHˆUˆ† = Aˆ. The maximum size of a QWC group is 2N ,
and thus such Aˆ exists. This would allow one to measure
the entire Hamiltonian in a single set of measurements,
however, the complexity of Uˆ is equivalent to that of the
original many-body problem. Yet, this example suggests
that in the measurement process one is not limited by
only groups of fully commuting terms and more general
unitary transformations can be potentially devised to
reduce the number of simultaneously measurable terms.
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NOTE ADDED:
After submission of this manuscript to arXiv we became
aware of several new proposals addressing the measure-
ment problem, which appeared within a week or two from
each other.41–44
APPENDIX A: COMMUTING AND QUBIT-WISE
COMMUTING TERMS
Here, we illustrate that for an average Pauli word, in the
full set of 4N Pauli words, there is exponentially more com-
7muting than qubit-wise commuting Pauli words. An aver-
age Pauli word can be thought as eˆ1, ..eˆN/4, σˆN/4+1, ...σˆN ,
where eˆi’s denote the identities on i
th qubits, σˆj are Pauli
operators, and N mod 4 = 0 for convenience. The num-
ber of QWC terms is
NQWC = 4
N/423N/4 = 25N/4, (30)
because in eˆ1, ...eˆN/4 one can substitute any identity by
any Pauli operator without violating the QWC condition,
which gives factor 4N/4, and in σˆN/4+1, ...σˆN one can
substitute any σˆ by identity, which gives rise to factor
23N/4 . The number of terms commuting with the average
Pauli word is
NC = 4
N/2 = 22N−1. (31)
Here we used the fact that the total number of words
is 4N and a half of them will be commuting with any
non-constant Pauli word and another half will be anti-
commuting. Therefore, the ratio NC/NQWC = 2
3N/4−1
grows exponentially with N .
APPENDIX B: DETAILS OF UNITARY
TRANSFORMATIONS
Here we detail the construction of unitary transforma-
tions that produce QWC terms from any linear combina-
tion of fully commuting Pauli words. Few elements of this
construction are taken from Bravyi et al.,25 but to keep
the discussion uniform and self-contained we reproduce
them here.
A. Unitary transformations
Let us consider construction of Uˆn for one of the Hamil-
tonian fragments Hˆn that contains mutually commuting
Pauli words,
Hˆn =
∑
I
CI PˆI , [PˆI , PˆJ ] = 0. (32)
Due to this commutativity and a mapping between the
Pauli operator and symplectic linear vector spaces, it is
possible to apply techniques developed by Bravyi et al.25
to find a set T = {τˆ1, ..., τˆN} of N mutually commuting
Pauli words, τˆi’s, which also commute with all terms of
Hˆn. Also, one can find a set Q = {σˆ1, ..., σˆN} of single
qubit Pauli operators σˆi for each τˆi so that
{τˆi, σˆi} = 0, (33)
[τˆi, σˆj ] = 0, i 6= j (34)
[σˆi, σˆj ] = 0. (35)
Finally, the unitary operation Uˆn that transforms Hn to
its QWC form is constructed through
Uˆn =
N∏
i=1
1√
2
(τˆi + σˆi) (36)
=
N∏
i=1
Vˆi, (37)
where each Vˆi takes τˆi to single qubit Pauli operator σˆi
to be measured. Eventually
Uˆ†nHˆnUˆn =
∑
I
CI Uˆ
†
nPˆI Uˆn (38)
=
∑
I
CI Pˆ
′
I , (39)
where Pˆ ′I is a product of σˆi ∈ Q. The procedures to
obtain T and Q are detailed below.
B. Encoding unitary transformations on a
quantum computer
To put Vˆi’s into a form acceptable for encoding on a
quantum computer, we rewrite them as
Vˆi = (−i)eipi4 σˆieipi4 τˆieipi4 σˆi . (40)
It is straightforward to check that it is indeed an equality
ei
pi
4 σˆiei
pi
4 τˆiei
pi
4 σˆi =
1
23/2
(1 + iσˆi)(1 + iτˆi)(1 + iσˆi)
=
1
23/2
(1 + iσˆi + iτˆi − σˆiτˆi)(1 + iσˆi)
=
1
23/2
(1 + iσˆi + iτˆi
−σˆiτˆi + iσˆi − 1− τˆiσˆi − iσˆiτˆiσˆi)
=
i√
2
(τˆi + σˆi) = iVˆi, (41)
where to arrive to the last line we used anti-commutation
between τˆi and σˆi.
In the worst case τˆi may involve all N qubits. We
can decompose ei
pi
4 τˆi into product of O(N log2 3) two-qubit
operations.45 Hence, Uˆn requires at most O(N
1+log2 3)
one- and two-qubit gates. Moreover, note that Uˆn trans-
form each Pauli word into another Pauli word and thus
can be written as a sequence of Clifford gates.26 Aaronson
and Gottesman36 found that for circuits containing only
Clifford gates the number of CNOT gates can be bounded
by O(N2/log(N)).
TECHNIQUES OF SYMPLECTIC GEOMETRY
C. Operator-vector space mapping
To be able to use methods of symplectic geometry we
introduce a mapping between N -qubit Pauli words and
82N symplectic vector space F over the GF (2) field (also
known as binary field Z2). Any Pauli word Pˆ corresponds
to a binary vector ~P with ith and (N + i)th components
defined as
(~Pi, ~PN+i) =

(0, 1) ith qubit of Pˆ is zˆ
(1, 0) ith qubit of Pˆ is xˆ
(1, 1) ith qubit of Pˆ is yˆ
(0, 0) ith qubit of Pˆ is eˆ.
(42)
For example, for N = 4, Pˆ = xˆ1yˆ2zˆ3eˆ4 is mapped to
~P = (1100; 0110), where the semicolon is put only for
readability.
This mapping is convenient because commutativity
between two Pauli words [Pˆ1, Pˆ2] = 0 corresponds to
orthogonality between corresponding vectors, (~P1|~P2) = 0.
The inner product (~P1|~P2) between two vectors ~P1 and
~P2 is defined in a symplectic manner
(~P1|~P2) = (~P1,J~P2), (43)
where (., .) is normal Euclidian inner product and J is a
symplectic metric matrix
J =
[
0N×N ,1N×N
1N×N ,0N×N
]
. (44)
Therefore, we will use commutation and orthogonality
interchangeably. The symplectic inner product is bi-linear,
and thus if Pˆ1 commutes with Pˆ2 and Pˆ3, then ~P1 is
orthogonal to ~P2+ ~P3. Also anti-commutation {Pˆ1, Pˆ2} =
0 corresponds to (~P1|~P2) = 1.
Another useful correspondence is between results of
addition of vectors and multiplication of Pauli word oper-
ators: ~P1 + ~P2 = ~P3 is equivalent to Pˆ1 · Pˆ2 = pPˆ3, where
p is a phase factor that has values ±1,±i depending on
single-qubit Pauli operators and their order in the Pˆ1Pˆ2
product.
D. Types of symplectic subspaces
Here we introduce a few types of symplectic subspaces
that will be utilized to treat the fully commuting sets of
operators. For a subspace V , the orthogonal complement
will be denoted by V ⊥. The dimensionalities of the two
subspaces are connected by dim(V ) + dim(V ⊥) = 2N ,
while taking the complement twice returns the initial
subspace, (V ⊥)⊥ = V . The examples below are given for
N = 2, which corresponds to a 4-dimensional symplectic
vector space.
• V is Isotropic ↔ V ⊂ V ⊥. For example, V =
span{(10; 00)} is an isotropic subspace with the
orthogonal complement
V ⊥ = span{(10; 00), (01; 00), (00; 01)}, (45)
which contains V .
• V is Coisotropic ↔ V ⊥ ⊂ V . For example, taking
the V ⊥ of the previous example as V one obtains a
coisotropic subspace
V = span{(10; 00), (01; 00), (00; 01)}, (46)
V ⊥ = span{(10; 00)}. (47)
• V is Lagrangian ↔ V = V ⊥. For example,
V = span{(10; 00), (01; 00)} = V ⊥. (48)
A Lagrangian subspace is also the largest isotropic
or the smallest coisotropic subspace.
Based on these examples it is clear that if V is isotropic
then V ⊥ is coisotropic, and dim(V ) ≤ N, dim(V ⊥) ≥ N .
It is also can be proven that for any isotropic space V ,
there exists Lagrangian subspace L such that V ⊆ L ⊆
V ⊥, and dim(L) = N .46
PROCEDURES
A set of mutually commuting Pauli words from Hˆn
is isomorphic to an isotropic subspace in the symplectic
vector space of 2N dimensions. Thus, we can always find
the Lagrangian subspace and its basis of N orthogonal
basis vectors. These basis vectors are mapped to the
mutually commuting τˆi’s operators that also commute
with all terms in Hˆn.
E. Finding τˆi’s
Here we show how to find the N mutually commuting
operators τˆi’s that also commute with all terms in the
group of Pauli terms Hˆn.
Step 1: Finding orthogonal basis vectors using Gaussian
elimination: Gaussian elimination for all elements of Hˆn
creates basis of V that is mutually commuting because the
original terms are mutually commuting and their addition
does not change this property. This basis forms isotropic
space because all basis vectors are self-orthogonal and
therefore can be thought as a part of V ⊥ basis, hence
the condition V ⊆ V ⊥ is satisfied and V is isotropic.
dim(V ) = K ≤ N , and if K = N then V is Lagrangian
and there is no need to do anything else, the τˆi’s are
obtained from the N basis vectors of V . If K < N
then the next step of building the basis of the orthogonal
complement V ⊥ is needed.
Step 2: Finding basis for V ⊥: The normal binary null
space is obtained for V . Then the first and second halves
of indices are interchanged so that we obtain a null space
in the symplectic sense. This null space is V ⊥, it is
coisotropic and dim(V ⊥) = M ∈ [N + 1, 2N). M 6= N
because M = N would require K = N , and thus the
procedure would have exited on the first step.
9Step 3: Finding the Lagrangian subspace in V ⊥: V ⊥ is
coisotropic and therefore some of its basis vectors com-
mute and the others anti-commute. To obtain N mutually
commuting vectors (the basis of the Lagrangian subspace)
this step eliminates M − N vectors from the basis of
V ⊥, {~ci}Mi=1, by using a symplectic version of the Gram-
Schmidt orthogonalization procedure. First, a pair of
anti-commuting vectors is found. Using the enumeration
freedom we can assume that this pair is formed by first
two vectors: (~c1|~c2) = 1. Then the other vectors are
orthogonalized to the first two as follows
~c′k = ~ck + (~ck|~c2)~c1 + (~ck|~c1)~c2, k ∈ [3,M ] (49)
so that
(~c1|~c′k) = (~c2|~c′k) = 0. (50)
Then a new basis set of M − 1 vectors is formed, ~c1 ∪
{~c′k}Mk=3. Note that there is a freedom in eliminating
either ~c1 or ~c2 from the old basis. In the new basis, the
only possible source of anti-commutativity is {~c′k} subset,
so the procedure for the search of an anti-commuting pair
is repeated. Once the new pair is found the procedure
of orthogonalization of all {~c′k} to that pair is repeated
with elimination of one of the pair members to produce
M − 2 basis vectors. Once the algorithm cannot find
any new anti-commuting pairs it will have N mutually
commuting basis vectors of the Lagrangian subspace that
can be mapped directly to τˆi’s.
F. Finding σˆi’s
Given a set of τˆi ∈ T , to build the unitary transfor-
mation Uˆn [Eq. (36)] requires a set of single qubit Pauli
operator σˆ (i.e. x1, y2, z3 etc.) satisfying
(~τi|~σj) =
{
1, i = j
0, i 6= j (51)
(~σi|~σj) = 0. (52)
Note that Eq. (52) requires that all ~σi’s correspond to
different qubits. The resulting transformation Uˆn will
transform τˆi → σˆi.
For τˆ1, we have N qubits available to define σˆ1, so if
τˆ1 has xˆ1, σˆ1 should be one of anti-commuting operators
yˆ1 or zˆ1. To make the rest of τˆi’s to commute with σˆ1 we
perform an orthogonalization step:
~τ ′k = ~τk + (~τk|~σ1)~τ1, k ∈ [2, N ], (53)
so that (~τ ′k| ~σ1) = 0 is guaranteed, and the mutual com-
mutation between ~τk is not changed. Then we find σˆi’s
for the available qubits for the rest of τˆ ′i and after finding
each σˆi we do re-orthogonalization of {τˆ ′j}Nj=i+1.
Let us prove the existence of N σˆi’s that can be found
in the described process. We have already shown that it is
straightforward to find the initial σˆ1, let us consider some
intermediate step, where TA is a subset of T with NA
elements for which NA σˆi’s are found and are assigned to
a QA set. Then TB = T /TA is a complementary subset
with the rest of τˆi’s that are commuting with operators
from both TA and QA sets. To continue the process we
need to find a non-trivial (i.e. non-identity) qubit operator
σˆ′ for a qubit that is not present in the QA set but is in
one of the elements of TB. Then, constructing the next
σˆNA+1 operator can be done by taking an operator that
anti-commutes with σˆ′. To prove that this is possible we
will show that such a non-trivial σˆ′ exists. Let us assume
the contrary and arrive to a contradiction. Indeed, if
all TB elements have only trivial (i.e. identity) qubit
operators for qubits higher than NA, then they either
must be all equal to the identity, which is a zero vector
and cannot be a basis vector in the Lagrangian subspace,
or they will not be able to commute with both QA and TA
sets simultaneously, which is also a contradiction to the
initial assumption about commutativity of TB elements
with the QA and TA sets.
G. Generating QWC terms on a classical computer
Note that the form of the unitary operator in Eq. (36)
results in an exponential number of Pauli words in Uˆn. It
is therefore infeasible to apply this unitary operation to
Hˆn on a classical computer. However, Uˆn’s require only
Clifford gates for their implementation on a quantum com-
puter, and therefore, by the virtue of the Gottesman-Knill
theorem there should exist their efficient representation
on a classical computer.26 To obtain this representation
we can present each Pauli word in Hˆn as a product of τˆi’s,
then application of Uˆn to τˆi’s can be done analytically.
Let Pˆ be one of the Pauli words in Hˆn for which sets
T and Q are found. Since the T -set forms basis in L and
sum of vectors can be mapped to a product of operators
up to a phase, we can always find a subset K ⊂ T so that
Pˆ = p
∏
τˆk∈K
τˆk, (54)
where p is a phase that arises from multiplication between
τˆk. Then it is obvious that
Uˆ†nPˆ Uˆn = p
∏
τˆk∈K
Uˆ†nτˆkUˆn (55)
= p
∏
k
σˆk. (56)
The set K can be found efficiently through a linear ex-
pansion of ~P using T in F as the basis, this procedure
is equivalent to solving a system of linear equations over
the binary field. Then we construct the result of transfor-
mation directly from elements of Q for each Pauli words
in Hˆn.
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H. Example: H2 molecule
We provide below a simple example of constructing the
unitary transformation for one of two mutually commuting
groups in the qubit Hamiltonian of H2/STO-3G. The
BK transformed qubit Hamiltonian of H2 contains the
following mutually commuting group
Hˆ1 = −0.4738 + 0.1412z1 + 0.0558x2z1x0 + 0.0558y2z1y0
+0.0868z2z0 + 0.1425z2z1z0 + 0.1489z3z1
+0.0558z3x2z1x0 + 0.0558z3y2z1y0 + 0.0868z3z2z0
+0.1425z3z2z1z0. (57)
The described procedures produce the following sets of T
and Q
T = {zˆ3, zˆ1, yˆ2yˆ0, xˆ2xˆ0} (58)
Q = {xˆ3, xˆ1, xˆ2, yˆ0}, (59)
and the unitary operation
Uˆ1 = 0.25x3x1x0 + 0.25x3z1x0 + 0.25x3x2x1y0
+0.25x3x2z1y0 + 0.25x3y2x1 + 0.25x3y2z1
−0.25x3z2x1z0 − 0.25x3z2z1z0 + 0.25z3x1x0
+0.25z3z1x0 + 0.25z3x2x1y0 + 0.25z3x2z1y0
+0.25z3y2x1 + 0.25z3y2z1 − 0.25z3z2x1z0
−0.25z3z2z1z0. (60)
The result of the transformation is a QWC group
Uˆ†H1Uˆ = −0.4738 + 0.1412x1 + 0.0558x1y0
−0.0868x2y0 + 0.0558x2x1 − 0.1425x2x1y0
+0.1489x3x1 + 0.0558x3x1y0 − 0.0868x3x2y0
+0.0558x3x2x1 − 0.1425x3x2x1y0. (61)
SUPPLEMENTARY INFORMATION:
HAMILTONIAN GENERATION
H2 molecule: One- and two-electron integrals in the
canonical restricted Hartree–Fock (RHF) molecular or-
bitals basis for R(H-H)=1.5 A˚, were used in the Bravyi–
Kitaev (BK) transformation to produce the corresponding
qubit Hamiltonian. Spin-orbitals were alternating in the
order α, β, α, ....
LiH molecule: Using the parity transformation for the
LiH molecule at R(Li−H) = 3.2 A˚, a 6-qubit Hamilto-
nian containing 118 Pauli words was generated. Spin-
orbitals were arranged as “first all α then all β” in the
fermionic form; since there are 3 active molecular or-
bitals in the problem, this leads to 6-qubit Hamiltonian.
This qubit Hamiltonian has 3rd and 6th stationary qubits,
which allowed us to replace the corresponding zˆ operators
by their eigenvalues, ±1, thus defining the different “sec-
tors” of the original Hamiltonian. Each of these sectors
is characterized by its own 4-qubit effective Hamiltonian.
The ground state lies in the z3 = −1, z6 = 1 sector; the
corresponding 4-qubit effective Hamiltonian (HˆLiH) has
100 Pauli words.
H2O molecule: 6- and 26-qubit Hamiltonians were
generated for this system in the 6-31G basis, and the
14-qubit Hamiltonian was generated using the STO-3G
basis. The geometry for all Hamiltonians was chosen to be
R(O−H) = 0.75 A˚ and ∠HOH = 107.6◦ The 14- and
26-qubit Hamiltonians were obtained in OpenFermion
using both JW and BK transformations without any
modifications, while for the 6-qubit Hamiltonian we used
several qubit reduction techniques detailed below.
Complete active space (4, 4) electronic Hamiltonian was
converted to the qubit form using the BK transformation
grouping spin-orbitals as “first all alpha than all beta”.
The resulting 8-qubit Hamiltonian contained 185 Pauli
terms. 4th and 8th qubits were found to be stationary;
the ground state solution is located in the z3 = 1, z7 = 1
subspace. By integrating out z3 and z7, the 6-qubit
reduced Hamiltonian with 165 terms was derived.
N2, BeH2, and NH3 molecules: The BK and JW
transformations of the electronic Hamiltonian in the 6-
31G and STO-3G bases produced qubit Hamiltonians
by OpenFermion. The nuclear geometry was fixed at
R(N−N) = 1.1 A˚(N2); R(Be−H) = 1.4 A˚, collinear
geometry (BeH2); ∠HNH = 107◦ and R(N−H) = 1.0
A˚(NH3).
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